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HILBERT-KUNZ FUNCTIONS AND FROBENIUS FUNCTORS

SHOU-TE CHANG

Abstract. We study the asymptotic behavior as a function of e of the lengths
of the cohomology of certain complexes. These complexes are obtained by
applying the e-th iterated Frobenius functor to a fixed finite free complex with
only finite length cohomology and then tensoring with a fixed finitely generated
module. The rings involved here all have positive prime characteristic.

For the zeroth homology, these functions also contain the class of Hilbert-
Kunz functions that a number of other authors have studied.

This asymptotic behavior is connected with certain intrinsic dimensions
introduced in this paper: these are defined in terms of the Krull dimensions
of the Matlis duals of the local cohomology of the module. There is a more
detailed study of this behavior when the given complex is a Koszul complex.

Introduction

Unless otherwise specified, throughout this paper all rings are commutative with
identity, Noetherian, and all modules are unitary. We shall use p to denote a positive
prime integer. We shall use e for a variable element of N, the set of nonnegative
integers, and q for a variable element of the set { pe : e ∈ N }.

When R has characteristic p, we can consider the Frobenius map FR, which is
the endomorphism of R sending r ∈ R to rp. The Frobenius functor FR is the
covariant functor from the category of R-modules to the category of S-modules
obtained by applying S⊗R in the special case where S = R and R → S is the
Frobenius endomorphism FR. If we take a free complex G•, then FR(G•) may be
thought of as obtained by raising all the entries in the matrices of the boundary
maps to their p-th powers. Given an R-module M and a free resolution G• of M ,
we can also think of FR(M) as H0(FR(G•)). We shall simply write F for FR when
there is no confusion. We will use Fe to denote the e-th iterated Frobenius functor.

In this paper, we will switch freely between (homological) complexes G• and
(cohomological) complexes G•. We will use the term “homology” also for “coho-
mology” whenever it is convenient and does not need emphasis. By a finite complex
we mean a complex which has have only finitely many nonzero terms, and except
in rare specified cases, we assume that G0 (or G0) 6= 0 and Gi (or Gi) = 0 for i < 0.
The length of a finite complex is the supremum of { i : Gi (or Gi) 6= 0 }. By a free
complex we mean a complex of finitely generated free modules.

Received by the editors August 20, 1995.
1991 Mathematics Subject Classification. Primary 13A35; Secondary 13D03, 13D05, 13D25,

13D45, 18G15, 18G40.
Part of this work was done at the University of Michigan. The author would like to thank

Professor Melvin Hochster for his many useful suggestions. The author is also partially supported
by a grant from the National Science Council of R. O. C.

c©1997 American Mathematical Society

1091



1092 SHOU-TE CHANG

Let R be a Noetherian ring of characteristic p, M a finitely generated R-module
and G• a finite free complex of finite length homology. It is stated and proved ex-
plicitly in Hochster and Huneke’s paper [HH3] and proved implicitly in P. Robert’s
paper [R2] that

` (Hi(Fe(G•)⊗M)) = O(qi).(∗)

In this paper, we intend to find a best possible bound for ` (Hi(Fe(G•)⊗M)). It is
worth noting that the two proofs for (∗) are substantially different. The first utilizes
techniques developed with tight closure theory (see [HH1], etc.). In this paper, we
study very closely the spectral sequence of a certain double complex which is a
modified version of the one in [R2].

Let R be a Noetherian ring of characteristic p, I be an ideal and M a finitely gen-
erated R-module such that M/IM is of finite length. Then the Hilbert-Kunz func-
tion of M with respect to I is defined to be the function sending e to ` (M/I [q]M),
where I [q] = (iq : i ∈ I) (see [K1], [K2]). These functions turn out to be very hard
to understand. There are already some beautiful results, but many more questions
remain open (cf. [K1], [K2], [Mo1], [Mo2], [HM], [Cc], [Ct]).

If I = (x1, . . . , xn), then M/I [q]M = H0(Fe(K•(x
q
1, . . . , x

q
n; R)) ⊗ M), where

K• is the Koszul complex. Evidence shows that it’s easier to study the behavior
of Hilbert-Kunz functions from this point of view, i.e., as part of a sequence of
homology functions (see, for example, [Ct]). This is one of the motivations for the
problem in this paper.

In order to simplify notation, the cohomological complex G• will be used instead
of the homological complex G•.

We may replace R by R/AnnM without affecting any issue. Since Hi(G•) has
finite length for all i, we have that

⋃
i Ass Hi(G•) is a finite set of maximal ideals

of R, say
⋃
i Ass Hi(G•) = {m1, . . . ,mk}. If we take a prime P /∈ {m1, . . . ,mk},

then (G•)P is split exact free. This implies that the complex Fe(G•)P is split exact
free for all e. Therefore, the complex (Fe(G•) ⊗M)P is split exact for any prime
P /∈ {m1, . . . ,mk}. Hence,

` (Hi(Fe(G•)⊗M)) =
∑
j

` (Hi(Fe(G• ⊗R Rmj )⊗Rmj Mmj )).

From this point on, we will assume (R, m) is local without loss of generality.
By Monsky’s results ([Mo1]) we have ` (M/I [q]) = cI(M)qdimM + O(qdimM−1),

where cI(M) > 0. Moreover, cI(M) is a positive integer whenM is one-dimensional.
By Seibert’s result ([Sei]), for each i there exists c′i such that

` (Hi(Fe(G•)⊗M)) = c′iq
dimM +O(qdimM−1).

In §1 we set the notation and together with (∗) we state and modify these known
results (see (1.4)–(1.6)). However, in this paper we try to find a better bound
for the length of Hi(Fe(G•) ⊗M) than these, and we want to achieve more. For
example, we will show that for each i there exists ci such that

` (Hi(Fe(G•)⊗M)) = ciq
i +O(qi−1)(∗∗)

(Corollary (2.11)). For the rest of §1 we study the double complex in Discus-
sion (1.7) very closely, and a better bound is achieved. In fact, if we let δiM =
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supν≤i dim Hν
m(M )̂, we will see that

` (Hi(Fe(G•)⊗M)) = ciq
δiM +O(qδ

i
M−1)

for some ci (Proposition (2.16)). It is a simple fact that δiM ≤ i, and often the
inequality is strict. We will see that equality holds if and only if M contains a
submodule of dimension i if and only if ci in (∗∗) is positive (Corollary (2.10)). It
does seem reasonable that in this situation the length of Hi(Fe(G•) ⊗M) should
be as large as possible (cf. (∗)).

Indeed, the ultimate goal is not only to find the best bound for the functions
studied, but to investigate whether they have behavior similar to that of Hilbert-
Kunz functions. To be precise, we want to know if there exists δi(M ;G•) such
that

` (Hi(Fe(G•)⊗M)) = ciq
δi(M;G•) +O(qδ

i(M;G•)−1)(#)

for some ci > 0. In §2 we find some sufficient conditions for this to be true (see, for
example, Corollary (2.20)). In particular, we will solve the problem for the zero-
and one-dimensional cases and the two-dimensional regular local case. However, we
will show by an example (see Discussion (2.24)) that the situation for the general
complexes is a little bit more complex than we hope for. For this reason we devote
§3 to Koszul complexes (which is really the most important case). We will show that
the bound achieved in §1 is actually sharp for Koszul complexes. Hence δi(M ;G•) in
(#) should be δiM when G• is a Koszul complex. However, it remains open whether
(#) holds true for Koszul complexes. In §4 we look at a non-trivial example not
covered by our results in §2. We hope this example can shed some light for this
very complicated problem.

1

(1.1) Discussion. Let (R, m) and (R′, m′) both be local. If R→ R′ is flat local and
mR′ is an ideal primary to the maximal ideal of R′, then for any finite length R-
module M , `R(M) is a constant times `R′(R

′⊗M). The reason is that if we take a
primary filtration of M , 0 = M0 (M1 ( · · · (Ml = M , where Mi/Mi−1 ' R/m,
then 0 = R′ ⊗M0 ( R′ ⊗M1 ( · · · ( R′ ⊗Ml = R′ ⊗M is a filtration of R′ ⊗M
with factors R′ ⊗R/m ' R′/mR′. Therefore,

`R′(R
′ ⊗M) = `R′(R

′/mR′)`R(M).

Moreover, since the diagram

R −−−−→ R′

F eR

y yF eR′
R −−−−→ R′

commutes for all e, it implies that FeR′(R
′ ⊗R G•) ' R′ ⊗ FeR(G•). It follows that

`R′(H
i(FeR′(R

′ ⊗R G•) ⊗R′ (R′ ⊗RM))) = `R′(R
′/mR′) `R(Hi(Fe(G•)⊗RM)) for

all i. Hence, in order to study the proposed problem, we can replace G• by R′⊗G•
and M by R′ ⊗M . In particular, we can let R′ = R̂ and we may assume that R is
complete local.

If we assume (R, m, k) is complete local, then R contains a coefficient field k.
Write R as a module-finite extension over a power series ring A = k [[x1, . . . , xd]].
Let k′ be the algebraic closure of k; then we can replace R by R ⊗A B with B =
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k′[[x1, . . . , xd]] by the argument in the previous paragraph. Hence, we may assume
that k is perfect (or, even better, that k is algebraically closed).

Denote by eM the R-module which is M as a set but the scalar multiplication
“ · ” is defined such that x ·m = xqm for all x ∈ R and m ∈M .

Let Ie = Ann eM . Then obviously we have I0 ⊆ I1 ⊆ I2 ⊆ · · · . Since R
is Noetherian, there exists e0 such that Ie0 = Ie0+1 = Ie0+2 = · · · . Since we
can assume k is perfect, e0M is still a finitely generated R-module. The complex
Fe−e0(G•)⊗ e0M is the same as e0(Fe(G•)⊗M), so their homology modules have
the same length. On the other hand, these homology modules have the same length
as the homology of Fe(G•) ⊗M , since k is perfect. Hence, we may replace M by
e0M and assume that AnnM = Ann 1M = Ann 2M = · · · . Obviously, we may
replace R by R̄ = R/AnnM since Fe(G•) ⊗M ' FeR̄(G• ⊗ R̄) ⊗R̄ M . Thus, we
may assume that eM is faithful for all e. Let N be the nilradical of R; then we can
find e′ such that Nq′ = 0, where q′ = pe

′
. This says that N ⊆ Ann e

′
M = 0, and so

R is reduced. Hence R is reduced.
To sum up, we may assume that M is faithful, while R is complete local, reduced

and its residue field is perfect (or, even better, algebraically closed).

(1.2) Discussion. Given a finite free complex

G• = (0→ G0 A1−−→ G1 → · · · An−1−−−→ Gn−1 An−−→ Gn → 0),(∗)

we may assume that none of these maps is zero, for if not, we can just break it into
shorter complexes and work on each segment of them. We may also assume G• is
minimal in the sense that ImAi ⊆ mGi for all i. Suppose ImAi 6⊆ mGi for some i.

Then we can do row and column operations so that Ai looks like

(
1 0
0 α

)
, where

α is a (rkGi−1 − 1)× (rkGi − 1)-matrix. It follows that Ai−1 and Ai+1 will look

like

(
0 ∗
0 β

)
and

(
0 0
∗ γ

)
respectively. This shows that G• is the direct sum of a

split exact sequence and the complex

· · · Ai−2−−−→ Gi−2

∗
β


−−−→ RrkGi−1−1

(
α
)

−−−→ RrkGi−1

(
∗ γ

)
−−−−−→ Gi+1 Ai+2−−−→ · · · ,

which is a complex different from G• at only the (i− 1)-th and the i-th terms and
the three indicated boundary maps. We can repeat this process until eventually G•

becomes the direct sum of a minimal complex G•1 and a split exact free complex
G•2. The complexes Fe(G•2) and Fe(G•2)⊗M are again split exact, so Fe(G•)⊗M
and Fe(G•1) ⊗M have the same homology. Hence, we may assume G• is standard
(see Definition 1.3).

(1.3) Definition. Let (R, m) be a local ring. The finite free R-complex in (∗) is
called standard if Ai is non-zero and the entries of Ai are in the maximal ideal m
for i = 1, . . . , n.

By standardizing a complex at the i-th spot we mean applying the process which
transforms a non-standard complex into a standard complex as in Discussion (1.2).
During the process, the complex might become a direct sum of shorter complexes.
We shall retain only the segment containing the i-th spot and make an appropriate
shift.
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(1.4) Proposition. Let (R, m) a local ring of characteristic p and M be a finitely
generated R-module of dimension d. If (G•, d•) is a (possibly infinite) left free
complex of finite length homology, then

` (Hi(F
e(G•)⊗RM)) = ciq

d +O(qd−1) for some real ci.

Furthermore, if G0 6= 0 and d1(G1) ⊂ mG0, then c0 > 0.

Proof. For the proof of the first part, see [Sei, Proposition 1]. To prove the second
part, note that there is a copy of M , M ′ = M ⊕ 0⊕ · · · ⊕ 0 inside G0⊗M . Denote
the boundary maps of Fe(G•)⊗M by de•. Then Im(de1) ∩M ′ ⊂ mqM ′. Hence

` (Hi(F
e(G•)⊗RM)) ≥ `

( M ′

Im(de1) ∩M ′
)
≥ `

( M ′

mqM ′
)
.

The term on the far right is a polynomial in q of degree d for e� 0, so c0 > 0.

(1.5) Corollary. Let R be a local ring of characteristic p, M a finitely generated
R-module of dimension d and N a finite length R-module. Then

` (Fe(N)⊗RM)) = cqd +O(qd−1) for some real c > 0.

Proof. Let G• be a minimal free resolution of N . Then the result follows from
Proposition 1.4.

(1.6) Theorem (P. Roberts). Let R be a Noetherian ring of characteristic p, M
a finitely generated R-module of dimension d and G• a finite free complex of finite
length homology. Then `(Hi(Fe(G•)⊗RM)) = O(qmin{i, d}).

This result is implicitly given by P. Roberts in his proof in [R2]. It is also
explicitly given in [HH3, Theorem 6.2] with a proof substantially different from
that of P. Roberts. The new proof is a result of tight closure theory.

The double complex in Discussion 1.7 is a modification of the double complex
P. Roberts used in [R2].

(1.7) Discussion. Let R be a local ring and let x1, . . . , xd be a system of parameters
for R. Consider the following double complex:

0 0 0y y y
0 −→ G0 −−−−→ G1 −−−−→ . . . −−−−→ Gn −→ 0y y y
0 −→

⊕
i(G

0)xi −−−−→
⊕

i(G
1)xi −−−−→ . . . −−−−→

⊕
i(G

n)xi−→ 0y y y
...

...
...y y y

0 −→ (G0)Πixi −−−−→ (G1)Πixi −−−−→ . . . −−−−→ (Gn)Πixi −→ 0y y y
0 0 0
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Let M be a finitely generated R-module. By tensoring M with this double complex,
we get a new double complex D = (Dij , dij , eij), where Dij =

( ⊕
|S|=i

(Gj)x(S)

)
⊗M ,

the horizontal maps dij are component maps and the vertical maps eij are the
differential maps in K•(x∞; Gj ⊗M). Take the homology of the rows. We can see
that HII(D) is 0 except at the top row, in which HII(D)0,j = Hj(G• ⊗M). Hence,

HI(HII(D))ij =

{
Hj(G• ⊗M), i = 0,

0, i 6= 0,

is already the E∞-term. On the other hand, HII(HI(D))ij = Hj(Hi
m(M) ⊗ G•).

Therefore,

Hj(G• ⊗Hi
m(M)) =⇒

j
Hi+j(G• ⊗M).

(1.8) Lemma. Let (R, m) be a local ring. A finite free R-complex

G• = ( · · · −−−−→ Gi
Ai−−−−→ Gi−1 −−−−→ · · · )

is of finite length homology if and only if it satisfies the following two conditions:

(i) it satisfies the rank condition: rkGi = rkAi+1 + rkAi for all i, and
(ii) for all i, the rank ideal of Ai, the ideal generated by the (rkAi)-minors of Ai,

is either the unit ideal or primary to m.

Proof. The complex G• is of finite length homology if and only if for any P ( m,

Hi((G•)P ) = Hi(G•)P = 0 for all i.

Because (G•)P is a finite free RP -complex, it is split exact. This happens exactly
when (G•)P satisfies the rank condition and the rank ideals are the unit ideal of
RP . Hence the results.

(1.9) Remark. If G• is a finite free complex of finite length homology, then so is
HomR(G•, R).

(1.10) Definition. Let (R, m, k) be a complete local ring, and E = ER(k) the
injective hull of k. Define the i-th intrinsic module of M , denoted Mi, to be
(Hi

m(M))∨, where ∨ = HomR(−, E) is the Matlis dual.

(1.11) Lemma. If we let G′• = HomR(G•, R), then

Hj(G
′
• ⊗Mi) =⇒

j
(Hi+j(G• ⊗M))∨.

Proof. If we dualize the double complex D in Discussion 1.7, then we get

Hj(G• ⊗Hi
m(M))∨ =⇒

j
Hi+j(G• ⊗M)∨.

Because the Matlis dual ∨ is an exact functor, we have

Hj(G• ⊗Hi
m(M))∨ ' Hj((G

• ⊗Hi
m(M))∨).

By the adjointness of ⊗ and Hom we have

(G• ⊗Hi
m(M))∨ = HomR(G•, HomR(Hi

m(M), E)) = G′• ⊗Mi.

(1.12) Definition. Let R be a complete local ring and M a finitely generated
R-module. The i-th intrinsic dimension of M , denoted δiM , is defined to be
supν≤i dimMν , or in other words, the dimension of M0 ⊕ · · · ⊕Mi.
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(1.13) Proposition. Let R be a local ring of characteristic p, M a finitely gener-
ated R-module and G• a finite free complex of finite length homology. Then

` (Hi(Fe(G•)⊗M)) = O(qδ
i
M ).

Proof. Let G′• = HomR(G•, R). Then obviously HomR(Fe(G•), R) = Fe(G′•).
The result follows from Remark (1.9), Lemma (1.11) and Proposition (1.4).

Next we define intrinsic modules in greater generality and explore some of their
basic properties. Results throughout (1.14)–(1.22) are valid for all local rings. We
give sketchy proofs; the reader can refer to [GH], [St] for more details.

(1.14) Lemma. Let R be a local ring and M a finitely generated R-module. If S
and T are two Gorenstein rings such that R = S/I = T/J , then

ExtdimS−i
S (M, S) ' ExtdimT−i

T (M, T )

as R-modules.

Proof. Let k be the residue field of R, S and T . From local duality and ad-
jointness of ⊗ and Hom one can easily check that both ExtdimS−i

S (M, S) ⊗R R̂
and ExtdimT−i

S (M, T ) ⊗R R̂ are isomorphic to HomR(Hi
m(M), ER(k)). Hence,

ExtdimS−i
S (M, S) ' ExtdimT−i

T (M, T ) as R-modules.

(1.15) Definition. Let R be a local ring and M a finitely generated R-module.
If R = S/I with S Gorenstein, define the i-th intrinsic module Mi of M , denoted

Mi, to be ExtdimS−i
R (M, S). In this case we can also define the i-th intrinsic

dimension of M , denoted δiM , to be supν≤i dimMν , or in other words, the dimension
of (M0 ⊕ · · · ⊕Mi).

(1.16) Remark. A complete local ring R is always the homomorphic image of a
regular local ring, and thus its intrinsic modules always exist. In this case, the
definition of the intrinsic modules coincides with Definition (1.12) by local duality.

(1.17) Remark. From the definition it is easy to see that the intrinsic dimensions
form a non-decreasing sequence. However, we cannot say as much about the be-
havior of the dimensions of the intrinsic modules. In general, the dimensions of
the intrinsic modules can be quite random, with only the limitation which we shall
describe in Lemma (1.20).

(1.18) Lemma. Let (R, m)→(S, n) be a local homomorphism of local rings and
let S be module-finite over the image of R. If M is a finitely generated S-module,
then for each i, we can calculate Mi either with respect to R or with respect to S.

Proof. Let K and L be the residue fields of R and S respectively. Let N be the i-th
intrinsic module of M as an R-module and N ′ be the i-th intrinsic module of M as
an S-module. Under this hypothesis, we can still use adjointness of ⊗ and Hom to
get N ⊗R R̂ ' HomS(Hi

n(M), ES(L)) ' N ′ ⊗S Ŝ ' N ′ ⊗R R̂. Hence N ' N ′.

(1.19) Lemma. Let R be a local ring which is the homomorphic image of a Goren-
stein ring, M a finitely generated R-module and P a prime ideal of R. Then
(Mi)P = (MP )i−dimR/P , or, equivalently, (MP )i = (Mi+dimR/P )P .
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Proof. Let R = S/J , where S is Gorenstein. If Q is the contraction of P in S then
dimS − dimSQ = dimS − heightQ = dimR/P . Hence,

(Mi)P ' ExtdimS−i
S (M, S)Q

' Ext
dimSQ+dimR/P−i
SQ

(MP , SQ) ' (MP )i−dimR/P .

(1.20) Lemma. Let R be a local ring which is the homomorphic image of a Goren-
stein ring, and M a finitely generated R-module. Then dimMi ≤ δiM ≤ i.

Proof. If P ∈ SuppMi then by Lemma (1.19) we have (Mi)P = (MP )i−dimR/P 6= 0.
This shows that i ≥ dimR/P . Hence,

i ≥ max
P∈SuppMi

{dimR/P} = dimMi.

(1.21) Lemma. Let R be a local ring which is the homomorphic image of a Goren-
stein ring, and M a finitely generated R-module. Then dimMi = δiM = i if and
only if there exists P ∈ AssM such that dimR/P = i.

Proof. By Lemma (1.20), dimMi = δiM = i if and only if there exists P ∈ SuppMi

with dimR/P = i. By Lemma (1.19), (Mi)P 6= 0 if and only if (MP )0 6= 0. This is
equivalent to saying depthMP = 0, and hence equivalent to saying P ∈ AssM .

(1.22) Corollary. Let R be a local ring which is the homomorphic image of a
Gorenstein ring and M a finitely generated R-module of dimension d. Then the
lowest and the highest values of i such that Mi 6= 0 are depthM and d respectively.
Moreover, Md is a non-zero module of dimension d.

Proof. The issue is not affected when we complete, so we may assume that R is
complete. Now this corollary is immediate from local duality, local cohomology and
Lemma (1.21).

2

For definitions of spectral sequences the reader can refer to [Ser, Chapitre II.A,
6].

(2.1) Definition. Let R be a complete local ring and M be a finitely generated
R-module. Let ∆(M ; i) = { ν ≤ i : dimMν = max{ 0, δiM } }.

When R is just a local ring (not necessarily complete), define ∆(M ; i) to be
∆(M ;̂ i).

(2.2) Remark. By definition, the set ∆(M ; i) excludes all ν such that Mν = 0. If
R is just any local ring, the intrinsic modules might not be defined. Definition (2.1)
is an attempt to circumvent this inconvenience. Note that if R is indeed a ring
such that the intrinsic modules are defined, then since (M )̂ν = (Mν)̂ for all ν,
∆(M ; i) is well-defined.

(2.3) Proposition. Let R be a local ring of characteristic p, M a finitely gene-
rated R-module and G• a standard finite free complex of finite length homology.

1. If ∆(M ; i) = ∅, then ` (Hi(Fe(G•)⊗M)) = 0 for all e.
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2. Suppose |∆(M ; i) | = 1 and ∆(M ; i) = { i0 }. Then there exists ci such that

` (Hi(Fe(G•)⊗M)) = ciq
δiM +O(qδ

i
M−1).

In fact, if we let G′• = Hom(G•, R) then

ci = lim
e→∞

` (Hi(Fe(G•)⊗M))

qδ
i
M

= lim
e→∞

` (Hi−i0(Fe(G′•)⊗Mi0))

qδ
i
M

.

By Proposition (1.4), we know that lim
e→∞

` (Hi−i0(Fe(G′•)⊗Mi0))

qδ
i
M

exists, posi-

tive or not.

Proof. We may assume that R is complete. Part (1) is quite trivial. If ∆(M ; i) =
∅, we have M0 = · · · = Mi = 0. By Lemma (1.11), ` (Hi(Fe(G•) ⊗ M)) =
` ((Hi(Fe(G•)⊗M))∨) ≤ 0. Now we can concentrate on the case where |∆(M ; i) | =
1 and ∆(M ; i) = { i0 }.

Fix i and let δiM = α. Consider the double complex D in Discussion (1.7).
Denote by eEr the Er-term of the spectral sequence of the double complex obtained
by applying Fe to the rows of D. By Lemma (1.11), the Matlis dual of the eEij2 -

term is Hj(F
e(G′•) ⊗Mi), so eEij2 and Hj(F

e(G′•) ⊗Mi) have the same length.

Note that der : eEijr → eEi−r+1, j+r
r . By assumption, for all s ≤ i such that s 6= i0

we have dimMs < α. By Theorem (1.6), for all such s and for all t,

`(eEst2 ) = `(Ht(F
e(G′•)⊗Ms)) = O(qα−1).

Hence, for r ≥ 2, t ≥ 0 and s ≤ i such that s 6= i0, we have

`(eEstr ) = O(qα−1).(∗)

This implies that for all s ≤ i such that i 6= i0 we have `(eEs, i−s∞ ) = O(qα−1).
By Proposition (1.4), there exists c such that

`(eEi0, i−i02 ) = `(Hi−i0(Fe(G′•)⊗Mi0)) = cqα +O(qα−1).

Now it suffices to show that `(eEi0, i−i0∞ ) = cqα+O(qα−1). We will show by induction
on r that for all r ≥ 2, `(eEi0, i−i0r ) = cqα +O(qα−1). Assume r ≥ 2. Note that der
sends eEi0, i−i0r to eEi0−r+1, i−i0+r

r . Since i0 − r + 1 < i0, by (∗), the length of its
kernel is cqα +O(qα−1). On the other hand, der sends eEi0+r−1, i−i0−r

r to eEi0, i−i0r .
If 2 ≤ r ≤ i− i0 then

i0 < i0 + r − 1 ≤ i0 + i− i0 − 1 = i− 1,

and we get `(eEi0+r−1, i−i0−r
r ) = O(qα−1). If r > i− i0 then i− i0 − r < 0, and we

get eEi0+r−1, i−i0−r
r = 0. In either case we have ` (der(

eEi0+r−1, i−i0−r
r )) = O(qα−1).

Because eEi0, i−i0r+1 is the homology of der, we get `(eEi0, i−i0r+1 ) = cqα+O(qα−1). This

completes the induction step. Because
i⊕
0

eEs, i−s∞ is an associated graded object of

Hi(Fe(G•)⊗M), we can conclude that

` (Hi(Fe(G•)⊗M)) =
i∑

s=0

` (eEs, i−s∞ ) = cqα +O(qα−1).
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Note that

lim
e→∞

` (Hi(Fe(G•)⊗M))

qα
= c = lim

e→∞

` (Hi−i0(Fe(G′•)⊗Mi0))

qα
.

(2.4) Corollary. Let R be a local ring of characteristic p, M a finitely generated
R-module and G• a standard complex of finite length homology. If ∆(M ; i) = { i },
then ` (Hi(Fe(G•)⊗M)) = cqδ

i
M +O(qδ

i
M−1) for some c > 0. In fact,

c = lim
e→∞

` (H0(Fe(G′•)⊗Mi))

qδ
i
M

,

where G′• = Hom(G•, R).

Proof. The results follow from Proposition (2.3)(2) and Proposition (1.4).

(2.5) Corollary. Let R be a local ring (of any characteristic), M a finitely gen-
erated R-module and G• a standard finite free complex of finite length homology.
Then depthM = min{ ν : Hν(G• ⊗M) 6= 0 }.
Proof. Let h = depthM . Since h is the smallest ν such that Mν 6= 0, it is easy to
see that for all s < h and all t, we get Est2 = 0, which implies Est∞ = 0, and also

that Eh0
∞ ' Eh0

2 6= 0.

(2.6) Discussion. In order to simplify notation, we use the extended real number
system with the obvious arithmetic. This way when ` (Hi(Fe(G•) ⊗M)) = 0 for
e� 0, we can say that there exists a positive real (or integer) c such that

` (Hi(Fe(G•)⊗M)) = cq−∞ +O(q−∞) for e� 0,

since this is trivially true for any c we choose. In particular, we can use this
convention when δiM = −∞. In this case, we can say that there exists a positive
real (or integer) c such that

` (Hi(Fe(G•)⊗M)) = cqδ
i
M +O(qδ

i
M−1).

(2.7) Lemma. Let R be a local ring of characteristic p, M a zero-dimensional
R-module and G• any finite free complex of finite length homology. Then for any i,
` (Hi(Fe(G•)⊗RM)) is eventually an integer valued constant function. Moreover,
if G• is standard of length n then ` (Hi(Fe(G•) ⊗R M)) is eventually a positive
integer-valued constant function for 0 ≤ i ≤ n.

Proof. We may assume that G• is standard. We can replace R by R/AnnM , and
therefore we may assume that R is Artinian. Because every element in the maximal
ideal of R is nilpotent, the differential maps in Fe(G•) all eventually become zero
maps. Hence, ` (Hi(Fe(G•)⊗RM)) = (rkGi) ` (M) > 0 for e� 0.

(2.8) Remark. This lemma says that in the zero-dimensional case, for each i, there
exist di ∈ { 0, −∞} and a positive integer ci such that for e� 0,

` (Hi(Fe(G•)⊗RM)) = ciq
di +O(qdi−1).

In particular, when G• is standard of length n, for 0 ≤ i ≤ n, δiM = 0. In this case,
for each such i, there exists a positive integer ci such that

` (Hi(Fe(G•)⊗RM)) = ciq
δiM +O(qδ

i
M−1).

This completes the discussion of the zero-dimensional case.
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(2.9) Corollary. Let R be a local ring of characteristic p, M a finitely generated
R-module and G• a standard finite free complex of finite length homology and of
length n. Then there exists a positive integer c such that

` (H0(Fe(G•)⊗M)) = ciq
δ0
M +O(qδ

0
M−1).

Proof. Consider the double complex D in Discussion (1.7). Denote by eEr the Er-
term of the spectral sequence of the double complex obtained by applying Fe to
the rows of D. Note that for r ≥ 2, der maps from eE00

r to eE−r+1,r
r = 0 and from

eEr−1,−r
r = 0 to eE00

r , so eE00
r+1 ' eE00

r . Therefore, we have eE00
∞ ' eE00

2 . Let
G′• = HomR(G•, R). By Lemma (1.11),

` (H0(Fe(G•)⊗M)) = ` (eE00
2 ) = ` ((eE00

2 )∨) = ` (H0(Fe(G′•)⊗M0)).

Now the result follows from Proposition (1.4) and Discussion (2.6).

(2.10) Corollary. Let R be a local ring of characteristic p, M a finitely gener-
ated R-module and G• a standard finite free complex of finite length homology. If
there exists P ∈ AssM such that dimR/P = i, that is, if M has a submodule of
dimension i, then there exists ci > 0 such that

`(Hi(Fe(G•)⊗M)) = ciq
i +O(qi−1);

otherwise, `(Hi(Fe(G•)⊗M)) = O(qi−1). In particular, if dimM = d, then

`(Hd(Fe(G•)⊗M)) = cdq
d +O(qd−1) for some real cd > 0.

Proof. By Lemma (1.21) the condition on P implies that ∆(M ; i) = { i }. Now the
first part follows immediately from Corollary (2.4). The second part is a result of
Lemma (1.21) and Proposition (1.13).

(2.11) Corollary. Let R be a local ring of characteristic p, M a finitely generated
R-module and G• a finite free complex of finite length homology. Then for all i,

` (Hi(Fe(G•)⊗M)) = ciq
i +O(qi−1).

Proof. This is an immediate result of Corollary (2.10).

(2.12) Definition. Let R be a local ring of characteristic p, M a finitely generated
R-module and G• a finite free complex of finite length homology. For 0 ≤ i ≤ length
of G•, we define

δi(M ; G•) =

{ −∞ if ` (Hi(Fe(G•)⊗M)) = 0 for infinitely many e,

sup{ δ ∈ N : lim inf
e→∞

` (Hi(Fe(G•)⊗M))
/
qδ > 0 } otherwise.

(2.13) Discussion. Let G• be standard. Let the dimension of M be d and let the
length of G• be n. From previous results we have when dimM = 0, when i = 0,
d, n or when i is such that M has a submodule of dimension i, there exists ci > 0
such that

` (Hi(Fe(G•)⊗M)) = ciq
δi(M; G•) +O(qδ

i(M; G•)−1),(∗)

and in these cases we have δi(M ; G•) = δiM for 0 ≤ i ≤ n. Hence, one natural
question to ask is whether in general these functions have asymptotic behavior
similar to that of Hilbert-Kunz functions. In other words, for each i, does there
exist ci > 0 such that (∗) holds?
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We are also interested in the question of under what conditions is δi(M ; G•),
whenever it is defined, independent of the choice of G•. One cannot expect complete
independence of the choice of G• without some restrictions. For example, let R =
k[[x, y]] be the formal power series ring of two variables and let K• = K•(x, y; R).
Let G• = K•⊕K•−1 and H• = K•⊕K•−2. It’s easy to see that δ3(M ; G•) = 2
while δ3(M ; H•) = 0. Thus, we should consider at most only those standard
complexes G• that are not a nontrivial direct sum of finite free complexes. On the
other hand, when i = d, we do have this independence. If we expect this property
to be true, it’s reasonable to suggest that δi(M ; G•) = d for d ≤ i ≤ length
of G• under the mild restriction given above. We will see in Discussion (2.24)
that unfortunately this is not true. It is hard to determine δi(M ; G•) in general.
However, there is still no evidence that δi(M ; G•) should depend on the choice of
G• for 0 ≤ i ≤ d.

Next we focus on the one-dimensional case. Proposition (2.16) tells what happens
in the one-dimensional case.

(2.14) Definition. Let R be a ring. Define R◦ to be the complement of the union
of the minimal prime ideals of R.

(2.15) Lemma. Let R be a Noetherian reduced ring of dimension d and let M be
a finitely generated R-module. Then there exists a short exact sequence

0→
⊕
k

R

Pk
→M → N → 0,

where the Pk’s are the minimal primes of R and N has dimension less than d.

Proof. Let P be a minimal prime of R. Since R is reduced, RP = RP
/
PRP

is a field. Thus, MP is a direct sum of RP
/
PRP . Let nP ∈ N be such that

MP ' (RP
/
PRP )nP and let

L =
⊕

P minimal

(R
P

)nP
.

Then (R◦)−1L ' (R◦)−1M , and we can find r ∈ R◦ such that rL ↪→M . Since R is
reduced, r is a nonzero-divisor of R. Hence, we can embed L into M . Let N be the
cokernel. After localizing at a certain element in R◦, L and M become isomorphic,
so N is killed by an element in R◦. Hence, dimN < d.

(2.16) Proposition. Let R be a local ring of characteristic p, M a finitely gener-
ated one-dimensional R-module and G• a standard complex of finite length homol-
ogy. Let the length of G• be n. Then for 0 ≤ i ≤ n there exists a positive integer ci
such that

` (Hi(Fe(G•)⊗M)) = ciq
δiM +O(qδ

i
M−1).

(2.17) Remark. By Discussion (1.2) and Discussion (2.6), even when G• is not
standard, there exists a positive integer ci for each 0 ≤ i ≤ n such that

` (Hi(Fe(G•)⊗M)) = ciq
δi(M; G•) +O(qδ

i(M; G•)−1).

We shall soon see that the ci’s involved here are all positive integers, and hence
rationals. This is also true when dimM = 0 (Remark (2.8)). However, when
dimM ≥ 2, the rationality conjecture remains open.
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Proof. The case i = 0 follows from Corollary (2.9). We will assume i ≥ 1. Notice
that δiM = 1 for 1 ≤ i ≤ n.

By Discussion (1.1) we may assume that R is complete and one-dimensional. Let

G• = (0→ G0 A1−−−−→ G1 A2−−−−→ · · · An−−−−→ Gn → 0).

Case 1. Suppose that R is a P.I.D.

Let ri = rkGi. We can do row and column operations so that

A1 =

a1

0

. . .
0

ar0

∣∣∣∣∣∣∣ 0

 =
(
B1 0

)
.

This will force A2 to look like

(
0
A′2

)
, where A′2 is an (r1 − r0) × r2 matrix. Now

we can break up the original complex into the direct sum of the following two
complexes:

0 −−−−→ G0 B1−−−−→ Rr0 −−−−→ 0,

0 −−−−→ Rr1−r0
A′2−−−−→ G2 A3−−−−→ · · · .

Since we assume that A2 6= 0, we must have r1 − r0 6= 0.
Repeat this process. The original complex becomes a direct sum of a number of

Koszul complexes (of length 1) with proper shifting. In fact, there exist diagonal
matrices B1, . . . , Bn such that the complex G• becomes the direct sum of the
following complexes:

0 −−−−→ Rr0
B1−−−−→ Rr0 −−−−→ 0,

0 −−−−→ Rr1−r0
B2−−−−→ Rr1−r0 −−−−→ 0,

0 −−−−→ Rr2−r1+r0 B3−−−−→ Rr2−r1+r0 −−−−→ 0,

etc.

If we let si =
∑i−1
j=0(−1)i−j−1rj and let

G•j = (0→ Rsi
Bi−−−−→ Rsi → 0),

then, for 1 ≤ i ≤ n,

` (Hi(Fe(G•)⊗M)) = ` (H1(Fe(G•i )⊗M)) + ` (H0(Fe(G•i+1)⊗M)).

Note that G•i is a direct sum of standard Koszul complexes of length 1. Hence,
` (H1(Fe(G•i ) ⊗M)) is a sum of Hilbert-Kunz functions of dimension one. Since

` (H0(Fe(G•i+1)⊗M)) is bounded, we have ` (Hi(Fe(G•)⊗M)) = ciq+O(1), where
ci is a positive integer.

Case 2. Suppose that R is a domain and M = R.

Let R′ be the integral closure of R in its field of fractions. Then R′ is a local
P. I. D. and we have a short exact sequence 0 → R→ R′ → N → 0, where N is of
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dimension zero. This induces a long exact sequence

· · · → Hi−1(Fe(G•)⊗N)→ Hi(Fe(G•)⊗R)

→ Hi(Fe(G•)⊗R′)→ Hi(Fe(G•)⊗N)→ · · · .

Hence for 1 ≤ i ≤ n we have ` (Hi(Fe(G•))) = ciq + O(1), where ci is a positive
integer by Case 1.

Case 3. The general case.

By Discussion (1.1) we may assume that R is reduced. By Lemma (2.15) there
exists a short exact sequence 0 →

⊕
k R/Pk → M → N → 0 where N is a finite-

length module and the Pk’s are such that dimR/Pk = 1. This short exact sequence
induces a long exact sequence

· · · → Hi−1(Fe(G•)⊗N)→ Hi(Fe(G•)⊗ (
⊕
k

R

Pk
))

→ Hi(Fe(G•)⊗M)→ Hi(Fe(G•)⊗N)→ · · · .
The complexG• is a standardR-complex of finite length homology, and this remains
true for (G• ⊗ R/Pk) as an (R/Pk)-complex. Hence for 1 ≤ i ≤ n and for each k
we have `(Hi(Fe(G•) ⊗ R/Pk)) = ci(R/Pk)q + O(1), where ci(R/Pk) is a positive
integer. Thus

`(Hi(Fe(G•)⊗M)) =
(∑
k

ci(
R

Pk
)
)
q +O(1).

Next, we proceed to resolve the two-dimensional regular local case. But before
doing so, we first show how to isolate the zeroth local cohomology module (as a
submodule) from the module itself when computing our functions. We will also
obtain results for the regular local case which shall explain how things go amok
when we consider all finite free complexes of finite length homology.

(2.18) Lemma. Let R be a local ring of characteristic p, M a finitely generated
R-module and G• a standard complex of finite length homology. Let D be the double
complex in Discussion (1.7) and eD the double complex obtained by applying Fe to
the rows of D. Let Eij and eEij be their spectral sequences respectively with j as
the filtration degree. Then for all r ≥ 1 the map

der : eEr−1, j
r → eE0, j+r

r

is the zero map for e� 0.

Proof. Let 
(eKn)j =

⊕
s+t=n
t≥j

eDst,

eZijr = Ker((eKi+j)j → (eKi+j+1)j+r).

An element ȳ in eEr−1, j
r is represented by an element y in eZr−1, j

r . By definition
y is an element in eDr−1, j ⊕ · · · ⊕ eD0, j+r−1 which is mapped to an element z in
eZ0, j+r
r = eD0, j+r . The map der sends ȳ to the image of z in eE0, j+r

r . It suffices to
show that z = 0 for e� 0.

If j + r > n, then eD0, j+r = 0 and there is nothing to prove. We may assume
that j + r ≤ n, and in this case eD0, j+r = Gj+r ⊗M . Because z is the horizontal
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image (with respect to the diagram in Discussion (1.7)) of an element in eD0, j+r−1,
this shows that z is in Gj+r ⊗m[q]M . Because the vertical image (with respect to
the diagram in Discussion (1.7)) of z is 0, we have that z ∈ Gj+r ⊗H0

m(M). Hence
z ∈ Gj+r ⊗ (m[q]M ∩H0

m(M)). By the Artin-Rees Lemma, there exists t such that
m[q]M ∩H0

m(M) ⊆ mqM ∩H0
m(M) ⊆ mq−t(mtM ∩H0

m(M)) = 0 for e� 0. Hence,
z has to be 0 and δer has to be the zero map for e� 0.

In the rest of the section, we will consider H0
m(M) as a submodule of M which

consists of elements of M that are killed by a power of m.

(2.19) Proposition. Let (R, m) be a local ring of characteristic p and N the
submodule H0

m(M) of M . If G• is a finite free complex of finite length homology,
then

` (Hi(Fe(G•)⊗M))) = ` (Hi(Fe(G•)⊗N)) + ` (Hi(Fe(G•)⊗M/N))

for each i.

Proof. We may assume R is complete. Since H0
m(M) = N = H0

m(N), so M0 =
N∨ = N0. If we let G′• = Hom(G•, R), then the E2-term of the dual of the double
complex D in Discussion (1.7) for N has only one nonzero row: the top row. Hence
` (Hi(Fe(G•)⊗N)) = ` (Hi(F

e(G′•)⊗N0)). Let x1, . . . , xd be an s.o.p. for R. Write
x(S) for

∏
i∈S xi. For any nonempty subset S of { 1, . . . , d }, we have Nx(S) = 0.

Hence Mx(S) ' (M/N)x(S). This implies that the double complexes for M and
M/N only differ at the top row. By Lemma (2.18) the eE∞-terms of their spectral
sequences for M and M/N only differ at the top row. Again, by Lemma (2.18) the
eE∞-term of M has Hj(F

e(G′•)⊗M0) at the top row. On the other hand, we have
depthM/N > 0 and hence the eE∞-term of M/N has zeros at the top row. Hence

` (Hi(Fe(G•)⊗M))) = ` (Hi(F
e(G′•)⊗M0)) + ` (Hi(Fe(G•)⊗ M

N
))

= ` (Hi(F
e(G′•)⊗N0)) + ` (Hi(Fe(G•)⊗ M

N
))

= ` (Hi(Fe(G•)⊗N)) + ` (Hi(Fe(G•)⊗ M

N
)).

(2.20) Corollary. Let R be a local ring of characteristic p, M a finitely generated
R-module and G• a standard complex of finite length homology. Let the length of
G• be n. Then the following are true for 0 ≤ i ≤ n.

1. If |∆(M ; i)− { 0 } | ≤ 1 then there exists ci ≥ 0 such that

` (Hi(Fe(G•)⊗M)) = ciq
δiM +O(qδ

i
M−1).

2. If ∆(M ; i) ⊆ { 0, i } then there exists ci > 0 such that

` (Hi(Fe(G•)⊗M)) = ciq
δiM +O(qδ

i
M−1).

3. There exists c1 > 0 such that

` (H1(Fe(G•)⊗M)) = c1q
δ1
M +O(qδ

1
M−1).

Proof. Let N = H0
m(M). The short exact sequence 0 → N → M → M/N → 0

induces a long exact sequence

· · · → Ni+1 → (M/N)i →Mi → Ni → · · · .
Hence Mi ' (M/N)i for i > 0, while (M/N)0 = 0.
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If |∆(M ; i) − { 0 } | ≤ 1, then either |∆(M ; i) | ≤ 1 or ∆(M ; i) = { 0, i0 } is
a two-element set. In the first case, part (1) follows from Proposition (2.3). In the
second case, we have |∆(M/N ; i) | ≤ 1. Hence part (1) follows from Proposition
(2.19), Lemma (2.7) and Proposition (2.3)(2).

If ∆(M ; i) = ∅ then the result follows from Discussion (2.6). If ∆(M ; i) =
{ i } then the result follows from Corollary (2.4). If ∆(M ; i) = { 0 } or { 0, i },
then either ∆(M/N ; i) = ∅ or ∆(M/N ; i) = { i }. Hence part (2) follows from
Proposition (2.19), Discussion (2.6), Lemma (2.7) and Corollary (2.4).

Part (3) follows from part (2) since ∆(M ; 1) ⊆ { 0, 1 }.

The following two propositions deal with a special case when the homology of
the complex in question is in some sense too large at a certain spot.

(2.21) Proposition. Let (R, m) be a local ring of characteristic p, M a finitely
generated R-module of dimension d, and let G• be a (possibly infinite) free complex.
Suppose

G• = (· · · → Gi−1 Ai−−−−→ Gi
Ai+1−−−−→ Gi+1 → · · · )

where Ai has entries in m and Ker(Ai+1) * mGi. Then there exists c > 0 such

that `(Hi(Fe(G•)⊗M)) = cqd +O(qd−1).

Proof. We already know that c exists. We only need to prove that c > 0. Under
the hypotheses, we can find a direct summand R of Gi such that it maps into 0.

After a change of basis, we can assume that Ai+1 =

(
0
B

)
. Let k = rkGi − 1; then

we can rewrite G• as

· · · → Gi−1

(
C D

)
−−−−−−→ R ⊕Rk

0
B


−−−−→ Gi+1 → · · · .

Because
R ⊕ 0

Im(C D) ∩ (R ⊕ 0)
injects into Hi(G•), it has finite length. Since

Im(C D) ∩ (R⊕ 0) ⊂ Im(C)⊕ 0,

we have

`

(
R

Im(C)

)
≤ `

(
R⊕ 0

Im(C D) ∩ (R ⊕ 0)

)
<∞.

By Corollary (1.5) there exists c′ > 0 such that ` (Fe(R/ ImC) ⊗M) = c′qd +
O(qd−1). Let eC, eD be the matrices obtained by raising the entries in C and D to
their q-th powers. Then

` (Fe(R/ ImC)⊗M) = `

(
M

Im(eC ⊗ idM )

)
≤ `

(
M ⊕ 0

Im((eBC eD)⊗ idM ) ∩ (M ⊕ 0)

)
≤ ` (Hi(Fe(G•)⊗M)).

Hence c ≥ c′ > 0.

(2.22) Proposition. Let R be a d-dimensional regular local ring of characteristic
p, M a finitely generated R-module of the same dimension and G• a finite free
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complex of finite homology. For each i let ci ≥ 0 be the unique rational number such
that ` (Hi(Fe(G•)⊗M)) = ciq

d +O(qd−1). Then ci 6= 0 if and only if Hi(G•) 6= 0.

Proof. Let

G• = (· · · → Gi−2 Ai−1−−−−→ Gi−1 Ai−−−−→ Gi → · · · ).
We can construct a new free complex

(G′)• = (· · · → (G′)i−2 Bi−1−−−−→ Gi−1 Ai−−−−→ Gi → · · · )
such that the modules and maps in (G′)• are identical with those in G• for degree
no less than i− 1 and Hj((G′)•) = 0 for j < i. One can do this by resolving KerAi
over the regular local ring R. Now standardize (G′)• at the ith spot and then shift
the complex so that (G′)• is a right complex whose degree 0 piece is not zero. Let
l be such that Gν = (G′)ν−l for ν ≥ i − 1. Then by construction (G′)• is still a
complex of finite length homology and

H0((G′)•) = H1((G′)•) = · · · = Hi−1−l((G′)•) = 0.(∗)

Note that we have Hi(Fe(G•) ⊗M) ' Hi−l(Fe((G′)• ⊗M)). Because R is regular
and all the rank ideals of (G′)• are m-primary ideals, by the Acyclicity Criterion

(cf. [BE] or [N]), Hd((G′)•) is the lowest nonzero homology of (G′)•. By (∗), we
have i − l ≤ d, and Hi(G•) 6= 0 if and only if i − l = d. Thus, Hi(G•) 6= 0 if and
only if ci 6= 0 by Corollary (2.10).

The following corollary resolves the two-dimensional regular local case.

(2.23) Corollary. Let R be a two-dimensional regular local ring of characteristic
p, M a finitely generated R-module and G• a finite free complex of finite length
homology and of length n. Then for 0 ≤ i ≤ n there exists ci > 0 such that

`(Hi(Fe(G•)⊗M))) = ciq
δi(M; G•) +O(qδ

i(M; G•)−1).

Moreover, when dimM = 2, Hi(G•) 6= 0 if and only if δi(M ; G•) = 2.

Proof. The zero-dimensional and one-dimensional cases are taken care of by Lemma
(2.7) and Proposition (2.16). We will assume dimM = 2 and we will follow the
same notation as in the proof of Proposition (2.22).

The case Hi(G•) 6= 0 follows immediately from Proposition (2.22). If Hi(G•) = 0,
we can see from the proof of Proposition (2.22) that Hi(Fe(G•)⊗M)) is isomorphic
either to H0(Fe((G′)•⊗M)) or to H1(Fe((G′)•⊗M)). Now the result follows from
Lemma (2.9) and Corollary (2.20)(3).

(2.24) Discussion. In Discussion (2.13) we asked if δi(M ; G•) is independent of G•

under the assumptions: (i) the length of G• is no less than i and (ii) the complex G•

is not a non-trivial direct sum of two finite free complexes of finite length homology.
However, Proposition (2.22) shows that even with such very nice rings as regular
local rings we cannot expect such a good property to be true.

For example, let R = Zp[[x, y, z]] be a formal power series ring and let

G• = (0→ R
A1−−−−→ R3 A2−−−−→ R3 A3−−−−→ R3 A4−−−−→ R3 A5−−−−→ R→ 0)
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where

A1 =
(
z −y x

)
, A2 = A4 =

−y x 0
−z 0 x
0 −z y

 ,

A3 =

xy
z

(z −y x
)

and A5 =

xy
z

 .

We can also construct another complex

H• = (0→ H0 B1−−−−→ H1 B2−−−−→ H2 B3−−−−→ H3 B4−−−−→ R3 B5−−−−→ R→ 0)

where B5 = A5 and

B4 =

A5

A5

A5

−y x 0
−z 0 x
0 −z y


while the rest of the complex is the minimal free resolution of CokerB4. It is easy
to see that neither G• nor H• can be written as a non-trivial direct sum of two
shorter complexes. It is also easy to check that H4(G•) = 0 while H4(H•) 6= 0.
Obviously, we have H4(Fe(G•)) ' H2(Fe(K•(x, y, z; R))) = 0 for all e. Thus, we
have δ4(R; G•) = −∞ while δ4(R; H•) = 3.

In this example we can see that the independence of G• fails for quite trivial
reasons. However, it is possible that a finer analysis of the structure of the complex
will give a better description of δi(M ; G•). Besides, there is no evidence that
δi(M ; G•) should depend on G• for i ≤ dimM . In fact, we know that δi(M ; G•)
is independent of G• for some special i’s. However, as one can see here, working
with all G• does complicate matters. In the next section, we will concentrate on
Koszul complexes.

3

For definitions and basic properties of Koszul complexes the reader can refer to
[Mat1, 18D] or [Ser, Chapitre IV.A]. In this section we will show that δi(M ; K•) =
δiM for all Koszul complexes K•.

(3.1) Discussion. Let x1, . . . , xn ∈ R. The Koszul complex K•(x1, . . . , xn; R) is
defined to be Kn−•(x1, . . . , xn; R), which is K•(x1, . . . , xn; R) numbered backward.
But in essence

K•(x1, . . . , xn; R) ' HomR(K•(x1, . . . , xn; R), R)

= Kn−•
(
(−1)n−1xn, (−1)n−2xn−1, . . . , x1; R

)
.

Suppose R is a ring containing a field k. The advantage of working with Koszul
complexes is that we can assume that R is regular by replacing R by the polynomial
ring k [X1, . . . , Xn] (or the formal power series ring k [[X1, . . . , Xn]]), and x1, . . . , xn
by X1, . . . , Xn.

(3.2) Lemma. Let R be a local ring containing a field k, M a finitely generated
R-module and x1, . . . , xn be such that (x1, . . . , xn)R + AnnRM is primary to the
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maximal ideal. Let l1, . . . , ln be positive integers. Then

` (Hi(x
l1
1 , . . . , x

ln
n ; M)) ≤

(∏
lk
)
` (Hi(x1, . . . , xn; M)).

Proof. Proving this lemma comes down to showing that

` (Hi(x
a
1 , . . . , xn; M)) ≤ a ` (Hi(x1, . . . , xn; M))

for any positive integer a. We will show this by induction on a. This lemma is true
for a = 1. We now assume that a > 1.

We may assume that R = k[x1, . . . , xn] is a polynomial ring. Because x1 is a

nonzero-divisor of S =
R

(x2, . . . , xn)
, the sequence

0→ R

(xa−1
1 , . . . , xn)

→ R

(xa1 , . . . , xn)
→ R

(x1, . . . , xn)
→ 0.

is exact and it induces a long exact sequence

· · · → TorRi
( R

(xa−1
1 , . . . , xn)

, M
)
→ TorRi

( R

(xa1 , . . . , xn)
, M

)
→ TorRi

( R

(x1, . . . , xn)
, M

)
→ · · · .

In this situation Tor is the same as Koszul homology. The result follows from
induction

(3.3) Remark. Let R be a local ring containing a field, M a finitely generated R-
module and x1, . . . , xn be such that (x1, . . . , xn)R + AnnRM is primary to the
maximal ideal. Let l1, . . . , ln be positive integers. Then

lim inf
e→∞

` (Hi(Fe(K•(x
l1
1 , . . . , x

ln
n ; R))⊗M))

qs
> 0

⇐⇒ lim inf
e→∞

` (Hi(Fe(K•(x1, . . . , xn; R))⊗M))

qs
> 0.

(3.4) Theorem. Let (R, m) be a d-dimensional local ring of characteristic p and
M be a finitely generated R-module. Suppose x1, . . . , xn generate an ideal primary
to m. Then, for 0 ≤ i ≤ n such that δiM 6= −∞,

lim inf
e→∞

`(Hi(Fe(K•(x1, . . . , xn; R))⊗M))

qδ
i
M

> 0.

Therefore, we have δi(M ; K•(x1, . . . , xn; R)) = δiM even when δiM = −∞.

Proof. The last statement follows from definition, Proposition (1.13) and the first
part of this theorem.

We may assume that dimM = dimR = d by replacing R by R/AnnM . We
shall prove this theorem by induction on dimM .

Lemma (2.7) takes care of the case dimM = 0. We may assume dimM = d > 0.
Without loss of generality we may assume that x1, . . . , xd generate an ideal primary
to m. In this case, there exists s ∈ N such that xsd+1, . . . , xsn ∈ (x1, . . . , xd)R.
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Moreover, we have xqsd+1, . . . , xqsn ∈ (xq1, . . . , x
q
d)R for all e. One can easily check

that

Hi(Fe(K•(x1, . . . , xd, x
s
d+1, . . . , x

s
n; R))⊗M)

= Hi(xq1, . . . , x
q
d, x

qs
d+1, . . . , x

qs
n ; M)

=
n−d⊕
j=0

(
n− d
j

)
copies of Hi−j(xq1, . . . , x

q
d; M)

=
n−d⊕
j=0

(
n− d
j

)
copies of Hi−j(Fe(K•(x1, . . . , xd; R))⊗M).

This implies that for d ≤ i ≤ n,

lim inf
e→∞

` (Hi(Fe(K•(x1, . . . , xd, x
s
d+1, . . . , x

s
n; R))⊗M))

qd

≥ lim inf
e→∞

` (Hd(Fe(K•(x1, . . . , xd; R))⊗M)

qd
> 0.

Hence Remark (3.3) and Corollary (2.10) imply

lim inf
e→∞

` (Hi(Fe(K•(x1, . . . , xn; R))⊗M))

qd
> 0

for d ≤ i ≤ n. In fact, the argument above also shows that for 0 ≤ i ≤ d such that
δiM 6= −∞,

lim inf
e→∞

` (Hi(Fe(K•(x1, . . . , xd, x
s
d+1, . . . , x

s
n; R))⊗M))

qδ
i
M

≥ lim inf
e→∞

` (Hi(Fe(K•(x1, . . . , xd; R))⊗M)

qδ
i
M

.

If we can prove the theorem for K•(x1, . . . , xd; R) for 0 ≤ i < d, then Remark
(3.3) will imply the case for K•(x1, . . . , xn; R). Hence we may assume n = d. To
sum up, we may assume that R = k [[x1, . . . , xd]] is regular local of dimension d,
dimM = d and K• = K•(x1, . . . , xd; R).

Since R is reduced, by Lemma (2.15) there exists a short exact sequence

0→
⊕

R→M → N → 0,(∗)

whereN is anR-module of dimension less than d. This short exact sequence induces
a long exact sequence

· · · →
⊕

Ri+1 → Ni →Mi →
⊕

Ri → · · · .

Since R is Cohen-Macaulay of dimension d, this implies that for i ≤ d−2, Ni 'Mi

and δiM = δiN . The induction hypothesis can be applied to N , so for 0 ≤ i ≤ d− 2
such that δiM 6= −∞ we get

lim inf
e→∞

` (Hi(Fe(K•)⊗N))

qδ
i
M

> 0.
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The short exact sequence (∗) induces another long exact sequence

· · · → Hi(Fe(K•)⊗ (
⊕

R))→ Hi(Fe(K•)⊗M)

→ Hi(Fe(K•)⊗N)→ Hi+1(Fe(K•)⊗ (
⊕

R))→ · · · .

Since for i ≤ d−1 we have Hi(Fe(K•)⊗R) = 0, so Hi(Fe(K•)⊗M) ' Hi(Fe(K•)⊗N)
for 0 ≤ i ≤ d − 2. We now have shown that the theorem is true for 0 ≤ i ≤ d− 2.
The only remaining case is when i = d− 1. We may assume that δd−1

M ≥ 0.

Since R is regular, we know Fe(G•) is a free resolution of
R

(x1, . . . , xd)[q]
and

Hi(Fe(G•)⊗M) = TorRd−i
( R

(x1, . . . , xd)[q]
, M

)
.

Take a minimal free R-resolution F• of M , say

0 −−−−→ Fa
Ba−−−−→ · · · −−−−→ F2

B2−−−−→ F1
B1−−−−→ F0 −−−−→ 0,

where a = pdM . If we let (F ′)• = HomR(F•, R) =

0 −−−−→ F0
Btr

1−−−−→ F1
Btr

2−−−−→ · · · −−−−→ Fa−1
Btr
a−−−−→ Fa −−−−→ 0

then by local duality we have Mi = Extd−iR (M, R) = Hd−i((F ′)•).

Case 1. Suppose that M has no submodule of dimension less than dimR.

Since M is torsion free, it is the first R-syzygy of a module M ′. Hence, we
have M ′i ' Mi+1 for i ≤ d − 2. Since M0 = 0, we conclude that δd−2

M ′ = δd−1
M .

Furthermore, we have

Hd−1(Fe(K•)⊗M) = TorR1
( R

(x1, . . . , xd)[q]
, M

)
= TorR2

( R

(x1, . . . , xd)[q]
, M ′

)
= Hd−2(Fe(K•)⊗M ′).

Since we already know the case for i = d− 2, we have

lim inf
e→∞

` (Hd−1(Fe(K•)⊗M))

qδ
d−1
M

= lim inf
e→∞

` (Hd−2(Fe(K•)⊗M ′))
qδ
d−2
M′

> 0.

Case 2. Let N be any submodule of M such that M ′ = M/N has no submodule

of dimension less than dimM . Suppose dimN < δd−1
M .

In this situation we have δd−1
M = δd−1

M ′ . The short exact sequence

0→ N →M →M ′ → 0(∗∗)
induces a long exact sequence

· · · → Ni+1 →M ′i →Mi → Ni → · · · .
Hence Mi 'M ′i for i > dimN . The short exact sequence (∗∗) induces another long
exact sequence

· · · → Hd−1(Fe(K•)⊗M)→ Hd−1(Fe(K•)⊗M ′)→ Hd(Fe(K•)⊗N)→ · · · .
It follows that

` (Hd−1(Fe(K•)⊗M ′)) ≤ ` (Hd−1(Fe(K•)⊗M)) + ` (Hd(Fe(K•)⊗N))
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for all e. If we divide this inequality by qδ
d−1
M we get

0 < lim inf
e→∞

` (Hd−1(Fe(K•)⊗M ′))
qδ
d−1
M

≤ lim inf
e→∞

(
` (Hd−1(Fe(K•)⊗M))

qδ
d−1
M

+
` (Hd−1(Fe(K•)⊗N))

qδ
d−1
M

)

= lim inf
e→∞

` (Hd−1(Fe(K•)⊗M))

qδ
d−1
M

.

Case 3. The only remaining case is when M has a submodule of dimension δd−1
M .

This case follows from the following lemma.

(3.5) Lemma. Let (R, m) be a local ring of characteristic p and M be a finitely
generated R-module. Let x1, . . . , xn generate an ideal primary to m. If M contains
a submodule N of dimension a, then for a ≤ i ≤ n,

lim inf
e→∞

`(Hi(Fe(K•(x1, . . . , xn; R))⊗M))

qa
> 0.

Proof. Let K• = K•(x1, . . . , xn; R). Since dimN = a, we may assume, by reorder-
ing if necessary, that there exists s such that xs1, . . . , xsn−a ∈ (xn−a+1, . . . , xn)R+
AnnN . By Remark (3.3), we may assume that x1, . . . , xn−a ∈ AnnN .

Let Fe(K•) = K•e and let ψie be the map from Ki−1
e to Ki

e in Fe(K•). Think of
K• as Kn−• and let { uj1 ∧ · · · ∧ ujn−i }j1<···<jn−i generate Ki

e. For any m ∈ M ,
ψi+1
e ⊗ idM sends u1 ∧ · · · ∧ un−i ⊗m to

i∑
j=1

(−1)j−1xqj
(
u1 ∧ · · · ∧ ûj ∧ · · · ∧ un−i

)
⊗m.

For each e, there is a copy of N , say N(e), inside Ru1 ∧ · · · ∧ un−i ⊗M ⊂ Ki
e⊗M.

When a ≤ i ≤ n we have 0 ≤ n − i ≤ n − a. Since xq1, . . . , xqn−a ∈ AnnN , this
shows N(e) is inside the kernel of ψi+1

e ⊗ idM for all e. Thus,

N(e)

(ψie ⊗ idM )(Ki−1
e ⊗M) ∩N(e)

↪→ Hi(Fe(K•)⊗M).

There is an obvious surjection from
N(e)

(ψie ⊗ idM )(Ki−1
e ⊗M) ∩N(e)

to
N

m[q]M ∩N .

By Artin-Rees Lemma, there exists a fixed t such that for q � 0,

m[q]M ∩N ⊆ mqM ∩N ⊆ mq−t(mtM ∩N) ⊂ mq−tN.

Therefore for e� 0,

` (Hi(Fe(K•)⊗M)) ≥ `
( N

mq−tN

)
= c (q − t)a + lower degree terms in q, for some c > 0,

= c qa + lower degree terms in q.

Hence,

lim inf
e→∞

` (Hi(Fe(K•)⊗M))

qa
> c > 0.
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4

Let (R, m) be a local ring of characteristic p and M be a finitely generated
R-module. Let x1, . . . , xn generate an ideal primary to m. We would like to

know whether there exists ci such that ` (Hi(Fe(K•)⊗M) = ciq
δiM +O(qδ

i
M−1) for

0 ≤ i ≤ n. If this is true then by Theorem (3.4) we would have ci > 0. At this point
this problem remains open. However, we do know when |∆(M ; d− 1)−{ 0 } | ≤ 1
(see Corollary (2.20)(1)) this is true. One of the difficulties of this problem is the
lack of examples. The examples either are too trivial or too complicated. In this
section we calculate a non-trivial example in which the module is a module M with
|∆(M ; d− 1)− { 0 } | = 2.

(4.1) Example. Let R = Zp [[x1, . . . , xd]] be a formal power series ring. Let
K• = K•(x1, . . . , xd; R) and K• = K•(x1, . . . , xd; R). Suppose a1, . . . , ah form
a regular sequence in R and f1, . . . , fk ∈ R − {0}. Let A be the (h × k)-matrix
(alfm) and let M = CokerA.

When d > h > 1 and dim
R∑

m fmR
= d− h, we will see that

∆(M ; d− 1)− { 0 } = { d− h, d− 1 }
is a two-element set, and this case is not covered by Corollary (2.20)(1). Neverthe-

less, we will show that in this case δd−1
M = d− h and

lim
e→∞

` (Hd−1(Fe(K•)⊗M))

qd−h

exists and is equal to

lim
e→∞

` (H0(Fe(K•)⊗Md−1))

qd−h
+ lim
e→∞

` (Hh−1(Fe(K•)⊗Md−h))

qd−h
.

In fact, assuming only the hypotheses in the first paragraph in this example, we
claim that for each 0 ≤ i ≤ n, there exists ci > 0 such that

` (Hi(Fe(K•)⊗M)) = ciq
δiM +O(qδ

i
M−1),

and if δiM ≥ 0 then

ci =
i∑

j=0

lim
e→∞

` (Hi−j(F
e(K•)⊗Mj))

qδ
i
M

.

Since for 0 ≤ j ≤ i we have dimMi−j ≤ δiM , the limit

lim
e→∞

` (Hj(F
e(K•)⊗Mi−j))

qδ
i
M

exists by Proposition (1.4).

Proof of the claim. Let e1, . . . , ek be the standard free basis forRk and letN be the
quotient module of Rk killing the submodule generated by the element (f1, . . . , fk)
of Rk. The map from M to N sending the class of em in M to the class of em in N
is well-defined. The kernel of this map is the cyclic submodule of M generated by
the class of (f1, . . . , fk). Let L be this kernel. It is easy to see from the construction

of M that L ' R∑
l alR

, so we have a short exact sequence

0→ L→M → N → 0.(∗)
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Because a1, . . . , ah is an R-sequence, K•(a1, . . . , ah; R) is a minimal free resolution
of L. Hence

Li '

 0 if i 6= d− h,
R∑
l alR

if i = d− h,

and
R∑
l alR

has dimension d− h. Note that

0→ R
(f1,...,fk)−−−−−−→ Rk → 0

is a minimal free resolution of N . When k = 1,

Ni '


0

R

f1R

if i 6= d− 1,

if i = d− 1,

and dimNd−1 = d−1. The short exact sequence (∗) induces a long exact sequence,

· · · → Li+1 → Ni →Mi → Li → Ni−1 → · · · .(∗∗)
This shows that when k = 1, Mi = 0 if i 6= d − 1, d − h. Since in this case
dimM = d − 1, we have dimMd−1 = d − 1. If h = 1, then Mi 6= 0 if and only
if i = d − 1. When h > 1, because M contains a submodule of dimension d − h,
we have dimMd−h = d − h. No matter what h is, we have |∆(M ; i) | ≤ 1 for
0 ≤ i ≤ n. Thus, the claim is true by Proposition (2.3).

When k > 1, we have

Ni '


0 if i < d− 1,
R∑
l flR

if i = d− 1,

some d-dimensional module, if i = d.

If h = 1, then Mi = 0 for i < d − 1, and the claim follows from Proposition (2.3).
Thus, we may assume that h > 1, and in this case, from (∗∗) we get

Mi '


some d-dimensional module

Nd−1

Ld−h

0

if i = d,

if i = d− 1,

if i = d− h,
otherwise.

Again, for i 6= d− 1, the result follows from Proposition (2.3). Now we can concen-
trate on the case i = d− 1, which we treat separately in Lemma (4.3).

(4.2) Definition. Let R be any ring, I, J ⊂ R be ideals, and let a ∈ R. Then

I :R J
def
= { r : rJ ⊆ I } and I :R a

def
= I :R aR.

We can simply write I : J and I : a when R is understood.

(4.3) Lemma. Let R = K [[x1, . . . , xd]] be a formal power series ring of character-
istic p. Let K• = K•(x1, . . . , xd; R) and K• = K•(x1, . . . , xd; R). Suppose a1, . . . ,
ah, f1, . . . , fk ∈ R− {0}. Let A be the (h× k)-matrix (alfm). Let M = CokerA.
Then the limit

lim
e→∞

`(Hd−1(Fe(K•)⊗M))

qδ
d−1
M
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exists and is equal to

d−1∑
j=0

lim
e→∞

`(Hd−1−j(F
e(K•)⊗Mj))

qδ
d−1
M

.

Proof. We will follow the same notation as in Example (4.1). When k = 1, we have
dimM = d− 1, and the result is trivial. We now assume that k > 1.

Let I =
∑
l alR and J =

∑
m fmR.

Since L = R/I ↪→ M , if dimR/I = d − 1 then M contains a submodule of
dimension d− 1, and the lemma follows from Corollary (2.4). We will assume that
dimR/I < d− 1.

From (∗∗) in Example (4.1) it follows that

Mi '


Nd−1 =

R

J
0

Li

if i = d− 1,

if dimR/I < i < d− 1,

if i ≤ dimR/I.

(#)

This says that dimMd−1 = dimR/J , dimMdimR/I = dimR/I, and otherwise
dimMi < dimR/I. When dimR/J 6= dimR/I, we have |∆(M ; d − 1) | = 1,
and the result follows from Proposition (2.3). Therefore, we may assume that
dimR/J = dimR/I = a, and in this situation ∆(M ; d− 1) = { a, d− 1 }.

Since δd−2
N = −∞, the short exact sequence (∗) in Example 3.1.8 induces a long

exact sequence

0→ Hd−1(Fe(K•)⊗ L)→ Hd−1(Fe(K•)⊗M)

→ Hd−1(Fe(K•)⊗N)
αe−−−−→ Hd(Fe(K•)⊗ L)→ · · · .

This implies that

`(Hd−1(Fe(K•)⊗M))

= `(Hd−1(Fe(K•)⊗ L)) + `(Hd−1(Fe(K•)⊗N))− `(Imαe).

Because dimL = a, we know that the limit

lim
e→∞

` (Hd−1(Fe(K•)⊗ L))

qa

exists. Note that we also have ∆(N ; d− 1) = { d− 1 } and δd−1
N = a, so

lim
e→∞

` (Hd−1(Fe(K•)⊗N))

qa
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exists. Suppose that ` (Imαe) = O(qa−1). Then

lim
e→∞

` (Hd−1(Fe(K•)⊗M))

qa

= lim
e→∞

` (Hd−1(Fe(K•)⊗ L))

qa
+ lim
e→∞

` (Hd−1(Fe(K•)⊗N))

qa
,

since ∆(L; d− 1) = { a } and ∆(N ; d− 1) = { d− 1 },

= lim
e→∞

` (Hd−1−a(Fe(K•)⊗ La))
qa

+ lim
e→∞

` (H0(Fe(K•)⊗Nd−1))

qa

= lim
e→∞

` (Hd−1−a(Fe(K•)⊗Ma))

qa
+ lim
e→∞

` (H0(Fe(K•)⊗Md−1))

qa
, by (#)

and finally, because ∆(M ; d− 1) = { a, d− 1 },

=
d−1∑
j=0

lim
e→∞

` (Hd−1−j(F
e(K•)⊗Mj))

qa
.

Hence it remains to show ` (Imαe) = O(qa−1).

Since Hd−1(Fe(K•)⊗−) ' TorR1 (R/m[q], −) for any R-module, we can compute
it by resolving M . The following is a commutative diagram in which the rows are
free resolutions of N , M and L respectively:

0 0 0x x x
0 −−−−→ R

(f1,...,fk)−−−−−−→ Rk −−−−→ N −−−−→ 0x x x
. . . −−−−→ Rh+1 B−−−−→ R1+k −−−−→ M −−−−→ 0.x x x
. . . −−−−→ Rh

C−−−−→ R −−−−→ L −−−−→ 0x x x
0 0 0

Here, C =

a1

...
ah

. Remember that the class of 1 in L is mapped to the class of

(f1, . . . , fk) in M , so it can be checked that

B =


a1

... 0
ah
−1 f1 · · · fk

 .
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By applying (R/m[q])⊗ to the diagram, we can find out what Imαe is. The cycles

r̄ in TorR1 (R/m[q], N) are exactly those r̄ in R/m[q] that satisfy r̄J ≡ 0 (mod m[q]).
The cycle r̄ is mapped to the class represented by −r in TorR0 (R/m[q], L). Hence,

Imαe =
(m[q] : J)(R/m[q])

I(R/m[q]) ∩
(
(m[q] : J)(R/m[q])

)
' ((m[q] : J) + I)(R/m[q])

I(R/m[q])

' (m[q] : J) + I

m[q] + I
.

Now the lemma follows from Lemma (4.4) below.

(4.4) Lemma. Suppose (R, m) is a regular local ring of characteristic p. Let
I ⊂ R be a nonzero ideal and a ∈ R− {0}. Then

`

(
(m[q] : a) + I

m[q] + I

)
= O(qdimR/I−1).

In particular, if I, J are both nonzero ideals of R, then

`

(
(m[q] : J) + I

m[q] + I

)
= O(qdimR/I−1).

Proof. We can replace a by a nonzero multiple of a in I, since this will only enlarge
the module we are looking at. We may assume that a ∈ I.

Let dimR = d and let height I = h = d − dimR/I. Because R is regular, we
have depth I = height I = h. Expand a to a = a1, . . . , ah, a regular sequence in
I. We can replace I by ( a1, . . . , ah )R, for this will only enlarge the length in
question. We may assume that I = ( a1, . . . , ah )R.

Let I0 = ( a2, . . . , ah )R and M = R/(a1I + I0). The map from M to R/I
sending the class of 1 in M to the class of 1 in R/I is surjective, and its kernel is

I

a1I + I0
' a1R

a1R ∩ (a1I + I0)
=
a1R

a1I
' R

I
.

Write N = R/I. Then we have the short exact sequence 0 → N → M → N → 0.
For each e, this short exact sequence induces a long exact sequence

· · · → Hd−1(Fe(K•)⊗N)
αe→ Hd(Fe(K•)⊗N)

→ Hd(Fe(K•)⊗M)→ Hd(Fe(K•)⊗N)→ 0.

Since M and N both have dimension d − h, by Lemma (4.5) we have ` (Imαe) =
O(qd−h−1).

Since R is regular, Hi(Fe(K•) ⊗ −) = Tord−i(R/m
[q], −). We can calculate

Hi(Fe(K•) ⊗M) and Hi(Fe(K•) ⊗ N) by resolving M and N . The following is a
commutative diagram whose top and bottom rows are K•(a1, . . . , ah; R) and whose
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middle row is a free resolution of M :

0 0 0x x x
. . . −−−−→ Rh

B−−−−→ R −−−−→ N −−−−→ 0x x x
. . . −−−−→ Rh+h A−−−−→ R1+1 −−−−→ M −−−−→ 0x x x
. . . −−−−→ Rh

B−−−−→ R −−−−→ N −−−−→ 0x x x
0 0 0

where B =

a1

...
ah

, and it can be checked that

A =



a1

... 0
ah
−1 a1

0
...
ah


.

Apply R/m[q]⊗ to this diagram. With an argument similar to the one in Lemma
(4.4) we can describe Imαe. Let Se = (m[q] + I0) : a. Then Imαe is exactly

Se + I

m[q] + I
.

Note that m[q] : a ⊂ Se. Hence

`
(m[q] : a+ I

m[q] + I

)
≤ ` (Imαe) = O(qd−h−1).

(4.5) Lemma. Let R be any local ring of characteristic p and G• be a finite free
complex of finite length homology. Let M , M ′ and M ′′ be finitely generated modules
of dimension no more than d such that 0→ M ′ →M → M ′′ → 0 is a short exact
sequence. Then for each i,

lim
e→∞

`(Hi(Fe(G•)⊗M))

qd

= lim
e→∞

`(Hi(Fe(G•)⊗M ′))
qd

+ lim
e→∞

`(Hi(Fe(G•)⊗M ′′))
qd

.

Proof. See [Sei, Proposition 1(b)].
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[Ser] J.-P. Serre, Algèbre locale. Multiplicités, Lecture Notes in Math., no. 11, Springer-Verlag,

1965. MR 34:1352
[St] J. Strooker, Homological Questions in Local Algebra, London Math. Soc. Lecture Note

Ser., No. 145, Cambridge Univ. Press, 1990. MR 91m:13013
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