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HILBERT-KUNZ FUNCTIONS AND FROBENIUS FUNCTORS

SHOU-TE CHANG

ABSTRACT. We study the asymptotic behavior as a function of e of the lengths
of the cohomology of certain complexes. These complexes are obtained by
applying the e-th iterated Frobenius functor to a fixed finite free complex with
only finite length cohomology and then tensoring with a fixed finitely generated
module. The rings involved here all have positive prime characteristic.

For the zeroth homology, these functions also contain the class of Hilbert-
Kunz functions that a number of other authors have studied.

This asymptotic behavior is connected with certain intrinsic dimensions
introduced in this paper: these are defined in terms of the Krull dimensions
of the Matlis duals of the local cohomology of the module. There is a more
detailed study of this behavior when the given complex is a Koszul complex.

INTRODUCTION

Unless otherwise specified, throughout this paper all rings are commutative with
identity, Noetherian, and all modules are unitary. We shall use p to denote a positive
prime integer. We shall use e for a variable element of N, the set of nonnegative
integers, and ¢ for a variable element of the set {p® : e € N}.

When R has characteristic p, we can consider the Frobenius map Fr, which is
the endomorphism of R sending r € R to rP. The Frobenius functor Fp is the
covariant functor from the category of R-modules to the category of S-modules
obtained by applying S®pg in the special case where S = R and R — S is the
Frobenius endomorphism Fg. If we take a free complex G, then Fg(G,o) may be
thought of as obtained by raising all the entries in the matrices of the boundary
maps to their p-th powers. Given an R-module M and a free resolution G of M,
we can also think of Fr(M) as Ho(Fr(G.)). We shall simply write F for Fr when
there is no confusion. We will use F° to denote the e-th iterated Frobenius functor.

In this paper, we will switch freely between (homological) complexes G4 and
(cohomological) complexes G*. We will use the term “homology” also for “coho-
mology” whenever it is convenient and does not need emphasis. By a finite complex
we mean a complex which has have only finitely many nonzero terms, and except
in rare specified cases, we assume that Gy (or G°) # 0 and G; (or G*) = 0 for i < 0.
The length of a finite complex is the supremum of {i : G; (or G*) # 0 }. By a free
complex we mean a complex of finitely generated free modules.
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Let R be a Noetherian ring of characteristic p, M a finitely generated R-module
and G* a finite free complex of finite length homology. It is stated and proved ex-
plicitly in Hochster and Huneke’s paper [HH3] and proved implicitly in P. Robert’s
paper [R2] that

(%) C(H'(F*(G®) ® M)) = O(q").

In this paper, we intend to find a best possible bound for ¢ (H*(F¢(G*)® M)). It is
worth noting that the two proofs for () are substantially different. The first utilizes
techniques developed with tight closure theory (see [HH1], etc.). In this paper, we
study very closely the spectral sequence of a certain double complex which is a
modified version of the one in [R2].

Let R be a Noetherian ring of characteristic p, I be an ideal and M a finitely gen-
erated R-module such that M/IM is of finite length. Then the Hilbert-Kunz func-
tion of M with respect to I is defined to be the function sending e to £ (M /T4 M),
where 19 = (i : i € I) (see [K1], [K2]). These functions turn out to be very hard
to understand. There are already some beautiful results, but many more questions
remain open (cf. [K1], [K2], [Mol], [Mo2], [HM], [Cc], [Ct]).

If I = (21,...,2,), then M/TUM = Ho(F(Ko(z{,...,29; R)) ® M), where
K, is the Koszul complex. Evidence shows that it’s easier to study the behavior
of Hilbert-Kunz functions from this point of view, i.e., as part of a sequence of
homology functions (see, for example, [Ct]). This is one of the motivations for the
problem in this paper.

In order to simplify notation, the cohomological complex G*® will be used instead
of the homological complex G,.

We may replace R by R/ Ann M without affecting any issue. Since H'(G*®) has
finite length for all i, we have that |J, Ass H'(G*) is a finite set of maximal ideals
of R, say |, AssHY(G®) = {my,...,ms}. If we take a prime P ¢ {mq,...,my},
then (G*)p is split exact free. This implies that the complex F¢(G*®)p is split exact
free for all e. Therefore, the complex (F¢(G*®) ® M)p is split exact for any prime
P ¢ {m,...,my}. Hence,

C(H(F(G®) @ M)) = 3 £ (H'(F*(G* @R Rin,) @R, Mim,))-

From this point on, we will assume (R, m) is local without loss of generality.

By Monsky’s results ([Mol]) we have £ (M/Il9) = ¢y (M)qHimM 4 O(glimM-1),
where ¢; (M) > 0. Moreover, ¢; (M) is a positive integer when M is one-dimensional.
By Seibert’s result ([Sei]), for each 4 there exists ¢} such that

Z(Hz(Fe(Go) ®M)) _ c/iqdimM + O(qdimM—l>'

In §1 we set the notation and together with (%) we state and modify these known
results (see (1.4)—(1.6)). However, in this paper we try to find a better bound
for the length of H (F*(G*) ® M) than these, and we want to achieve more. For
example, we will show that for each i there exists ¢; such that

() C(H'(F(G®) @ M)) = ciq' + O(¢"™")

(Corollary (2.11)). For the rest of §1 we study the double complex in Discus-
sion (1.7) very closely, and a better bound is achieved. In fact, if we let 6%, =
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sup,,<; dim Hj;, (M™), we will see that
(I (FE(G®) @ M) = eig™ + O(¢™ )

for some ¢; (Proposition (2.16)). It is a simple fact that 6%, < i, and often the
inequality is strict. We will see that equality holds if and only if M contains a
submodule of dimension ¢ if and only if ¢; in (x%) is positive (Corollary (2.10)). It
does seem reasonable that in this situation the length of H (F*(G*) ® M) should
be as large as possible (cf. (x)).

Indeed, the ultimate goal is not only to find the best bound for the functions
studied, but to investigate whether they have behavior similar to that of Hilbert-
Kunz functions. To be precise, we want to know if there exists §°(M;G*®) such
that

(#) CHLFS(G®) @ M) = cig® MiG%) 4 (gt (M:G*)-1)

for some ¢; > 0. In §2 we find some sufficient conditions for this to be true (see, for
example, Corollary (2.20)). In particular, we will solve the problem for the zero-
and one-dimensional cases and the two-dimensional regular local case. However, we
will show by an example (see Discussion (2.24)) that the situation for the general
complexes is a little bit more complex than we hope for. For this reason we devote
§3 to Koszul complexes (which is really the most important case). We will show that
the bound achieved in §1 is actually sharp for Koszul complexes. Hence §°(M; G*) in
(#) should be &%, when G* is a Koszul complex. However, it remains open whether
(#) holds true for Koszul complexes. In §4 we look at a non-trivial example not
covered by our results in §2. We hope this example can shed some light for this
very complicated problem.

1

(1.1) Discussion. Let (R, m) and (R’, m’) both be local. If R — R’ is flat local and
mR' is an ideal primary to the maximal ideal of R’, then for any finite length R-
module M, £r(M) is a constant times £r/ (R’ ® M). The reason is that if we take a
primary filtration of M, 0 = My C My € --- C M; = M, where M;/M;_1 ~ R/m,
then 0 =R @ My C RR®@M; C---C R®M;, =R ® M is a filtration of R’ @ M
with factors R’ @ R/m ~ R'/mR’. Therefore,

lr (R/ QM) ="Lp (R//mR/)KR(M).
Moreover, since the diagram

R —— R

F;{ ng,
R —— R

commutes for all e, it implies that F% (R’ @ g G*) ~ R’ @ FL(G*). It follows that
(r (H' (FR (R ®r G*) @r (R’ @r M))) = {r/(R'/mR') Lr(H*(F*(G*) @ M)) for
all i. Hence, in order to study the proposed problem, we can replace G®* by R’ @ G*
and M by R’ ® M. In particular, we can let R’ = R and we may assume that R is
complete local.

If we assume (R, m, k) is complete local, then R contains a coefficient field k.
Write R as a module-finite extension over a power series ring A = k [[z1,. .., z4]].
Let k' be the algebraic closure of k; then we can replace R by R ® 4 B with B =



1094 SHOU-TE CHANG

E'[[x1,...,x4]] by the argument in the previous paragraph. Hence, we may assume
that k is perfect (or, even better, that k is algebraically closed).

Denote by °M the R-module which is M as a set but the scalar multiplication
“ .7 is defined such that x - m = 29m for all x € R and m € M.

Let I, = Ann°M. Then obviously we have Iy C I; C I C ---. Since R
is Noetherian, there exists ep such that I, = Iy+1 = Iey+2 = ---. Since we
can assume k is perfect, M is still a finitely generated R-module. The complex
Fe % (G*) ® ®°M is the same as ®° (F°(G*) ® M), so their homology modules have
the same length. On the other hand, these homology modules have the same length
as the homology of F¢(G*) ® M, since k is perfect. Hence, we may replace M by
€M and assume that Ann M = Ann'M = Ann?M = ---. Obviously, we may
replace R by R = R/ Ann M since F*(G*) ® M ~ F4(G®* ® R) ®z M. Thus, we
may assume that °M is faithful for all e. Let N be the nilradical of R; then we can
find ¢’ such that N7 = 0, where ¢ = p¢ . This says that N C Ann®M = 0, and so
R is reduced. Hence R is reduced.

To sum up, we may assume that M is faithful, while R is complete local, reduced
and its residue field is perfect (or, even better, algebraically closed).

(1.2) Discussion. Given a finite free complex

(+) G'= (0—-G°Anglo.. A gt A gn g,

we may assume that none of these maps is zero, for if not, we can just break it into
shorter complexes and work on each segment of them. We may also assume G* is
minimal in the sense that Im A; C mG" for all 7. Suppose Im A; € mG* for some i.

Then we can do row and column operations so that A; looks like <(1) g), where
aisa (tkG~! — 1) x (rkG* — 1)-matrix. It follows that A;_; and A;4; will look
like <8 ;) and (2 3) respectively. This shows that G* is the direct sum of a

split exact sequence and the complex

w5l

. Gi—2 RrkG“l—l (a) RrkGi’—l (* 7) Gitl Aigz

)

which is a complex different from G* at only the (i — 1)-th and the i-th terms and
the three indicated boundary maps. We can repeat this process until eventually G*
becomes the direct sum of a minimal complex G} and a split exact free complex
GS. The complexes F¢(G3) and F¢(GS) ® M are again split exact, so F*(G*) @ M
and F¢(GY) ® M have the same homology. Hence, we may assume G* is standard
(see Definition 1.3).

(1.3) Definition. Let (R, m) be a local ring. The finite free R-complex in (x) is
called standard if A; is non-zero and the entries of A; are in the maximal ideal m
fori=1,...,n.

By standardizing a complex at the i-th spot we mean applying the process which
transforms a non-standard complex into a standard complex as in Discussion (1.2).
During the process, the complex might become a direct sum of shorter complexes.
We shall retain only the segment containing the i-th spot and make an appropriate
shift.
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(1.4) Proposition. Let (R, m) a local ring of characteristic p and M be a finitely
generated R-module of dimension d. If (Ge, ds) is a (possibly infinite) left free
complez of finite length homology, then

((Hi(F(Ge) ®r M)) = ciq® + O(¢*1) for some real ¢;.
Furthermore, if Gy # 0 and d1(G1) C mGy, then ¢y > 0.
Proof. For the proof of the first part, see [Sei, Proposition 1]. To prove the second

part, note that there is a copy of M, M' = M ®0& ---® 0 inside Gy ® M. Denote
the boundary maps of F¢(Gs) ® M by dS. Then Im(d§) N M’ C m?M’. Hence

M’ M’
My (M),
Im(d§) N M’ maM’
The term on the far right is a polynomial in g of degree d for e > 0,s0 ¢ > 0. O

C(H; (FE(Ga) @ M) > £ (

(1.5) Corollary. Let R be a local ring of characteristic p, M a finitely generated
R-module of dimension d and N a finite length R-module. Then

((F¢(N)®r M)) = cq® 4+ O(¢?1) for some real ¢ > 0.

Proof. Let G4 be a minimal free resolution of N. Then the result follows from
Proposition 1.4. O

(1.6) Theorem (P. Roberts). Let R be a Noetherian ring of characteristic p, M
a finitely generated R-module of dimension d and G* a finite free complex of finite
length homology. Then ((H'(F¢(G®) @ M)) = O(g™in{id}),

This result is implicitly given by P. Roberts in his proof in [R2]. It is also
explicitly given in [HH3, Theorem 6.2] with a proof substantially different from
that of P. Roberts. The new proof is a result of tight closure theory.

The double complex in Discussion 1.7 is a modification of the double complex
P. Roberts used in [R2].

(1.7) Discussion. Let R be alocal ring and let x1, ..., 24 be a system of parameters
for R. Consider the following double complex:
0 0 0
0— GY —_— Gt G" —0
0— (GO)HMz - (G1>Hz$7 s (Gn)nzwq —0




1096 SHOU-TE CHANG

Let M be a finitely generated R-module. By tensoring M with this double complex,
we get a new double complex D = (D%, dJ, '), where DV = ( @ (G7)x(s)) @M,
|

S|=t
the horizontal maps d“ are component maps and the vertical maps e¥ are the
differential maps in K*(x>°; G7 @ M). Take the homology of the rows. We can see
that Hy(D) is 0 except at the top row, in which Hyy(D)%J = H?(G* ® M). Hence,
H/(G* ® M), i=0,

0, 1#0,
is already the Eoo-term. On the other hand, Hyy(Hy(D))¥ = HY(H! (M) ® G*).
Therefore,

Hy(H(D))” = {

H/(G* @ H! (M) = H"(G* @ M).
J
(1.8) Lemma. Let (R, m) be a local ring. A finite free R-complex

Go= (- G, —
s of finite length homology if and only if it satisfies the following two conditions:

(i) it satisfies the rank condition: tk G; =rk A; 11 + 1tk A; for all i, and
(i) for all i, the rank ideal of A;, the ideal generated by the (tk A;)-minors of A;,
1s either the unit ideal or primary to m.

Giig — )

Proof. The complex G, is of finite length homology if and only if for any P C m,
H;((Gs)p) =Hi(Ga)p =0 for all i.

Because (G,)p is a finite free Rp-complex, it is split exact. This happens exactly
when (G,)p satisfies the rank condition and the rank ideals are the unit ideal of
Rp. Hence the results. O

(1.9) Remark. If G* is a finite free complex of finite length homology, then so is
Hompg(G*, R).

(1.10) Definition. Let (R, m, k) be a complete local ring, and E = Eg(k) the
injective hull of k. Define the i-th intrinsic module of M, denoted M;, to be
(H;,(M))V, where ¥ = Hompg(—, E) is the Matlis dual.

(1.11) Lemma. If we let G'e = Hompg(G*®, R), then
H;(G's ® M;) — (H™(G* @ M))".
Proof. If we dualize the double complex D in Discussion 1.7, then we get
H(G* @ H,,(M))" = H™(G* @ M)".
J
Because the Matlis dual v is an exact functor, we have
H(G* @ H;,(M))" ~ H;((G* @ H,,(M))").

By the adjointness of ® and Hom we have

(G* @ H! (M))" = Homp(G*®, Homg(H: (M), E)) = G'e @ M.

O

(1.12) Definition. Let R be a complete local ring and M ‘a finitely generated
R-module. The i-th intrinsic dimension of M, denoted 0j,, is defined to be
sup, <; dim M, or in other words, the dimension of My & --- & M;.
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(1.13) Proposition. Let R be a local ring of characteristic p, M a finitely gener-
ated R-module and G* a finite free complex of finite length homology. Then

C(H(FS(G®) @ M)) = O(¢™).

Proof. Let G's = Hompg(G*, R). Then obviously Homg(F¢(G*), R) = F¢(G,).
The result follows from Remark (1.9), Lemma (1.11) and Proposition (1.4). |

Next we define intrinsic modules in greater generality and explore some of their
basic properties. Results throughout (1.14)—(1.22) are valid for all local rings. We
give sketchy proofs; the reader can refer to [GH], [St] for more details.

(1.14) Lemma. Let R be a local ring and M a finitely generated R-module. If S
and T are two Gorenstein rings such that R =S/I =T/J, then

Extd™9~ (M, §) ~ Exti™T=%(M, T)
as R-modules.

Proof. Let k be the residue field of R, S and 7. From local duality and ad-
jointness of ® and Hom one can easily check that both Extgim S_i(M, S) ®r R
and ExtgimT_i(M, T) ®r R are isomorphic to Homg(H!, (M), Er(k)). Hence,
Extd™ S~ (M, §) ~ ExtE™T=(M, T) as R-modules. O

(1.15) Definition. Let R be a local ring and M a finitely generated R-module.
If R = S/I with S Gorenstein, define the i-th intrinsic module M; of M, denoted
M;, to be Ext@™S~# (M, S). In this case we can also define the i-th intrinsic
dimension of M, denoted 65, to be sup, ; dim M,,, or in other words, the dimension
Of(MQEBEBMl) -

(1.16) Remark. A complete local ring R is always the homomorphic image of a
regular local ring, and thus its intrinsic modules always exist. In this case, the
definition of the intrinsic modules coincides with Definition (1.12) by local duality.

(1.17) Remark. From the definition it is easy to see that the intrinsic dimensions
form a non-decreasing sequence. However, we cannot say as much about the be-
havior of the dimensions of the intrinsic modules. In general, the dimensions of
the intrinsic modules can be quite random, with only the limitation which we shall
describe in Lemma (1.20).

(1.18) Lemma. Let (R, m)—(S, n) be a local homomorphism of local rings and
let S be module-finite over the image of R. If M is a finitely generated S-module,
then for each i, we can calculate M; either with respect to R or with respect to S.

Proof. Let K and L be the residue fields of R and S respectively. Let N be the i-th
intrinsic module of M as an R-module and N’ be the i-th intrinsic module of M as
an S-module. Under this hypothesis, we can still use adjointness of ® and Hom to
get N @p R ~ Homg(H:, (M), Eg(L)) ~ N'®g S ~ N’ ®p R. Hence N ~ N’. [

(1.19) Lemma. Let R be a local ring which is the homomorphic image of a Goren-
stein ring, M a finitely generated R-module and P a prime ideal of R. Then
(Mi)p = (Mp)i—aimr/p, 0T, equivalently, (Mp); = (M;yqimr/P)P-
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Proof. Let R = S/J, where S is Gorenstein. If Q) is the contraction of P in S then
dim S — dim Sg = dim S — height @ = dim R/P. Hence,

(M;)p ~ Ext&™5~ (M, 8)q

~ E:)ctggnSQerimR/P_i(JWp7 Sq) ~ (Mp)i—qimr/p- O

(1.20) Lemma. Let R be a local ring which is the homomorphic image of a Goren-
stein ring, and M a finitely generated R-module. Then dim M; < &}, <.

Proof. 1f P € Supp M; then by Lemma (1.19) we have (M;)p = (Mp);—dim r/p 7 O
This shows that ¢ > dim R/P. Hence,

i> max {dimR/P} = dim M;.
PeSupp M;

|

(1.21) Lemma. Let R be a local ring which is the homomorphic image of a Goren-
stein ring, and M a finitely generated R-module. Then dim M; = 8%, = i if and
only if there exists P € Ass M such that dim R/ P = i.

Proof. By Lemma (1.20), dim M; = &%, = i if and only if there exists P € Supp M;
with dim R/P = 4. By Lemma (1.19), (M;)p # 0 if and only if (Mp)o # 0. This is
equivalent to saying depth Mp = 0, and hence equivalent to saying P € Ass M. O

(1.22) Corollary. Let R be a local ring which is the homomorphic image of a
Gorenstein ring and M a finitely generated R-module of dimension d. Then the
lowest and the highest values of i such that M; # 0 are depth M and d respectively.
Moreover, My is a non-zero module of dimension d.

Proof. The issue is not affected when we complete, so we may assume that R is
complete. Now this corollary is immediate from local duality, local cohomology and
Lemma (1.21). |

2

For definitions of spectral sequences the reader can refer to [Ser, Chapitre IL.A,
6).

(2.1) Definition. Let R be a complete local ring and M be a finitely generated
R-module. Let A(M; i) ={v <i : dim M, = max{0, &, }}.

When R is just a local ring (not necessarily complete), define A(M; i) to be
A(M™; 7).
(2.2) Remark. By definition, the set A(M; i) excludes all v such that M, = 0. If
R is just any local ring, the intrinsic modules might not be defined. Definition (2.1)
is an attempt to circumvent this inconvenience. Note that if R is indeed a ring

such that the intrinsic modules are defined, then since (M7), = (M,)” for all v,
A(M; i) is well-defined.

(2.3) Proposition. Let R be a local ring of characteristic p, M «a finitely gene-
rated R-module and G* a standard finite free complex of finite length homology.

1. If A(M; i) = @, then £ (H'(F*(G*) ® M)) =0 for all e.
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2. Suppose | A(M; i)| =1 and A(M; i) = {io}. Then there exists c; such that
(T (FE(G®) @ M) = cig®™ + 0" ),
In fact, if we let G'¢ = Hom(G®, R) then
i (e . o € / .
o LG O M) (F(G) © M)

&% &%
e—00 qom e—00 q M

Y4 Hi—i F¢ GI. Mz
By Proposition (1.4), we know that lim (s (F(Ga) @ Miy))

5 exists, posi-
€e—00 q M

tive or not.

Proof. We may assume that R is complete. Part (1) is quite trivial. If A(M; i) =
@, we have My = --- = M; = 0. By Lemma (1.11), ¢ (H (F*(G*) ® M)) =
¢ ((H(F*(G*)®@M))Y) < 0. Now we can concentrate on the case where | A(M; i) | =
1 and A(M; i) = {ig }.

Fix i and let 6%, = a. Consider the double complex D in Discussion (1.7).
Denote by °E,. the E,.-term of the spectral sequence of the double complex obtained
by applying F° to the rows of D. By Lemma (1.11), the Matlis dual of the eE;j—
term is H;(F°(G's) ® M;), so °E¥ and H;(F(G'.) ® M;) have the same length.
Note that d¢ : °E¥Y — ¢Ei7"T1J%7 | By assumption, for all s < i such that s # ig
we have dim M, < a. By Theorem (1.6), for all such s and for all ¢,

((°E3") = L(H,(F*(G's) © My)) = O(¢™ 7).
Hence, for » > 2, ¢t > 0 and s < i such that s # ig, we have
(%) ((°E}") = O0(¢" ).

This implies that for all s <4 such that i # ig we have £(°E3/~%) = O(¢*~").
By Proposition (1.4), there exists ¢ such that

By "T10) = £(Himiy (FS(G's) @ M) = ¢¢® + O(¢" ).

Now it suffices to show that £(°E2 =) = cq®+0(¢*~'). We will show by induction
on r that for all r > 2, £(B© ") = ¢¢® + O(¢®~"). Assume 7 > 2. Note that d¢
sends B2 170 to eEloTHLIZ0HT Gince 45 —r 4+ 1 < g, by (%), the length of its
kernel is cg® 4+ O(¢®~1). On the other hand, d¢ sends ¢E}0T"~1i=0=" tq egio i~io
If 2 <r <4i—ig then

g<ig+r—1<ig+t—i9g—1=1i—1,

and we get f(leEi"‘”_l’i_i”_r) = O0(q*"). If r > i —ig then i —ig —r < 0, and we
get EE?"’T_'LZ._?O_T = 0. In either case we have ¢ (dﬁl(eEi"l‘”_l’z_m_r)) =0(¢* ).
Because “E;% ;" is the homology of dy., we get £(°E}%;|™") = c¢® + O(¢*~!'). This

i )
completes the induction step. Because @ °E2)™° is an associated graded object of
0

H(F¢(G*) ® M), we can conclude that

CIF(G®) © M) = DD (BY) = eg® + O(g° ).
s=0
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Note that
o CIEGY @ M) (i, (FU(G) © My,)

e—00 q“ e—00 q“

|

(2.4) Corollary. Let R be a local ring of characteristic p, M a finitely generated
R-module and G* a standard complex of finite length homology. If A(M; i) = {i},

then € (H'(F(G*) ® M)) = cg®™ + O(¢*=1) for some ¢ > 0. In fact,
el )
c— lim L (Ho(F(G's) @ M;))

St
e—00 q°m

)

where G'¢ = Hom(G*, R).
Proof. The results follow from Proposition (2.3)(2) and Proposition (1.4). O

(2.5) Corollary. Let R be a local ring (of any characteristic), M a finitely gen-
erated R-module and G*® a standard finite free complex of finite length homology.
Then depth M = min{v : H'(G* ® M) # 0 }.

Proof. Let h = depth M. Since h is the smallest v such that M, # 0, it is easy to
see that for all s < h and all t, we get E5' = 0, which implies EZ = 0, and also
that BP0 ~ EA0 £ 0. O

(2.6) Discussion. In order to simplify notation, we use the extended real number

system with the obvious arithmetic. This way when ¢ (H'(F°(G*®) ® M)) = 0 for

e > 0, we can say that there exists a positive real (or integer) ¢ such that
C(HY(F(G*) @ M)) = cqg~>° + O(q¢—>) for e > 0,

since this is trivially true for any ¢ we choose. In particular, we can use this
convention when 6}, = —oo. In this case, we can say that there exists a positive
real (or integer) ¢ such that

CH(F(G*) @ M)) = cg®™ + O(¢"» 7).

(2.7) Lemma. Let R be a local ring of characteristic p, M a zero-dimensional
R-module and G* any finite free complex of finite length homology. Then for any 1,
¢ (HY(F(G*) ®@r M)) is eventually an integer valued constant function. Moreover,
if G* is standard of length n then £ (H'(F¢(G*) @ M)) is eventually a positive
integer-valued constant function for 0 <i < n.

Proof. We may assume that G* is standard. We can replace R by R/ Ann M, and
therefore we may assume that R is Artinian. Because every element in the maximal
ideal of R is nilpotent, the differential maps in F¢(G*) all eventually become zero
maps. Hence, ¢ (H (F(G*) ®@p M)) = (tkG*) £ (M) > 0 for e > 0. O

(2.8) Remark. This lemma says that in the zero-dimensional case, for each i, there
exist d; € {0, —oo } and a positive integer ¢; such that for e > 0,

C(H'(F(G®) @r M)) = ciq™ + O(g™ ).
In particular, when G*® is standard of length n, for 0 < i < n, 8%, = 0. In this case,
for each such i, there exists a positive integer ¢; such that

((H(F(G*) @r M)) = cig”™ +O(g" ).

This completes the discussion of the zero-dimensional case.
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(2.9) Corollary. Let R be a local ring of characteristic p, M a finitely generated
R-module and G* a standard finite free complex of finite length homology and of
length n. Then there exists a positive integer ¢ such that

((HO(F(G*) ® M) = cig™ +O(g"h 1),

Proof. Consider the double complex D in Discussion (1.7). Denote by °E, the E,-
term of the spectral sequence of the double complex obtained by applying F¢ to
the rows of D. Note that for 7 > 2, d® maps from ‘E? to °E""%" = 0 and from
‘El~h 7T =0 to “EY, so °EY)| ~ °EY. Therefore, we have ‘E% ~ °EJ’. Let
G'e = Homp(G*, R). By Lemma (1.11),

CHO(F(G®) @ M)) = £(“Ey") = (((“ER")") = £ (Ho(F*(G's) ® Mo)).
Now the result follows from Proposition (1.4) and Discussion (2.6). O

(2.10) Corollary. Let R be a local ring of characteristic p, M a finitely gener-
ated R-module and G* a standard finite free complex of finite length homology. If
there exists P € Ass M such that dim R/P = i, that is, if M has a submodule of
dimension i, then there exists ¢; > 0 such that
(H'(F(G®) @ M)) = ciq" + O(¢");
otherwise, ((H (F*(G*) ® M)) = O(¢*~"). In particular, if dim M = d, then
(HYF(G®) @ M)) = caq? + O(¢*Y) for some real cq > 0.

Proof. By Lemma (1.21) the condition on P implies that A(M; i) = {i}. Now the
first part follows immediately from Corollary (2.4). The second part is a result of
Lemma (1.21) and Proposition (1.13). |

(2.11) Corollary. Let R be a local ring of characteristic p, M a finitely generated
R-module and G*® a finite free complex of finite length homology. Then for all 7,

C(H(F(G*) @ M)) = ciq' + O(¢'™).
Proof. This is an immediate result of Corollary (2.10). |

(2.12) Definition. Let R be a local ring of characteristic p, M a finitely generated
R-module and G* a finite free complex of finite length homology. For 0 < ¢ < length
of G*, we define

_ — 00 if ¢ (H (F*(G*)® M)) =0 for infinitely many e,
8'(M; G*) =

sup{ 6 € N : liminf ¢ (H'(F(G*) ® M))/¢° > 0} otherwise.

(2.13) Discussion. Let G* be standard. Let the dimension of M be d and let the
length of G® be n. From previous results we have when dim M = 0, when ¢ = 0,
d, n or when i is such that M has a submodule of dimension i, there exists ¢; > 0
such that

(+) C(HU(F(G®) @ M)) = ciq® M G 4 (gt (M: G-,

and in these cases we have 6i(M; G*) = 63/1 for 0 < ¢ < n. Hence, one natural
question to ask is whether in general these functions have asymptotic behavior
similar to that of Hilbert-Kunz functions. In other words, for each i, does there
exist ¢; > 0 such that (%) holds?
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We are also interested in the question of under what conditions is §'(M; G*),
whenever it is defined, independent of the choice of G®. One cannot expect complete
independence of the choice of G* without some restrictions. For example, let R =
k[[z, y]] be the formal power series ring of two variables and let K* = K*(z, y; R).
Let G* = K*@K* ' and H* = K* ®K* 2. It’s easy to see that §3(M; G*) = 2
while 63(M; H®) = 0. Thus, we should consider at most only those standard
complexes G* that are not a nontrivial direct sum of finite free complexes. On the
other hand, when ¢ = d, we do have this independence. If we expect this property
to be true, it’s reasonable to suggest that 6'(M; G*®) = d for d < i < length
of G* under the mild restriction given above. We will see in Discussion (2.24)
that unfortunately this is not true. It is hard to determine §'(M; G*) in general.
However, there is still no evidence that 6?(M; G*) should depend on the choice of
G*® for 0 < i <d.

Next we focus on the one-dimensional case. Proposition (2.16) tells what happens
in the one-dimensional case.

(2.14) Definition. Let R be a ring. Define R° to be the complement of the union
of the minimal prime ideals of R.

(2.15) Lemma. Let R be a Noetherian reduced ring of dimension d and let M be
a finitely generated R-module. Then there exists a short exact sequence

O—)@%—»M%N—»O,
k

where the Py’s are the minimal primes of R and N has dimension less than d.

Proof. Let P be a minimal prime of R. Since R is reduced, Rp = RP/PRP
is a field. Thus, Mp is a direct sum of Rp/PRp. Let np € N be such that
Mp ~ (RP/PRP)"P and let

R\np
L= (5)""
P minimal
Then (R°)™'L ~ (R°)~'M, and we can find r € R° such that rL — M. Since R is
reduced, r is a nonzero-divisor of R. Hence, we can embed L into M. Let N be the
cokernel. After localizing at a certain element in R°, L and M become isomorphic,
so N is killed by an element in R°. Hence, dim N < d. O

(2.16) Proposition. Let R be a local ring of characteristic p, M a finitely gener-
ated one-dimensional R-module and G* a standard complex of finite length homol-
ogy. Let the length of G® be n. Then for 0 < i <n there exists a positive integer c;
such that

C(HI(FO(G®) @ M) = cig®™ + O(gPh 1),

(2.17) Remark. By Discussion (1.2) and Discussion (2.6), even when G* is not
standard, there exists a positive integer ¢; for each 0 < ¢ < n such that

é(Hz(Fe(Go) ®M)) _ CZ_qéi(M; G*®) + O(qéi(M; G')—l).
We shall soon see that the ¢;’s involved here are all positive integers, and hence
rationals. This is also true when dimM = 0 (Remark (2.8)). However, when
dim M > 2, the rationality conjecture remains open.
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Proof. The case i = 0 follows from Corollary (2.9). We will assume i > 1. Notice
thaté}'wzlforlgign.
By Discussion (1.1) we may assume that R is complete and one-dimensional. Let

Ay As An

Gl

G*= (0—G°
Case 1. Suppose that R is a P.I.D.

G" — 0).

Let 7; = rk G*. We can do row and column operations so that

ai

e Ol o |=(B o).

Ay

This will force As to look like ( , where A} is an (r1 — rg) X r2 matrix. Now

0
Ay
we can break up the original complex into the direct sum of the following two
complexes:

0 e ——!

R — 0,
G2
Since we assume that As # 0, we must have r; — rg # 0.
Repeat this process. The original complex becomes a direct sum of a number of
Koszul complexes (of length 1) with proper shifting. In fact, there exist diagonal

matrices By, ..., By, such that the complex G®* becomes the direct sum of the
following complexes:

A As

0 —— RM7"

B1

0 — Rm R0 —— 0,
0 ——— RM—To i) Rri—To SN 0,
0 — , Rr2—Tit7o i) Rr2—ritro 0,

etc.

If we let s; = 3 '—o(—1)"7~r; and let

G = (0— R —Z R —0),

then, for 1 <i <n,
C(H(FE(G*) @ M)) = £ (H'(F*(G) @ M)) + £ (H(F*(G?,,) © M)).

Note that G? is a direct sum of standard Koszul complexes of length 1. Hence,
¢ (HY(F¢(G?) ® M)) is a sum of Hilbert-Kunz functions of dimension one. Since
¢ (H°(F¢(G?,1) ® M)) is bounded, we have ¢ (H(F*(G*)® M)) = c;q+ O(1), where
c; is a positive integer.

Case 2. Suppose that R is a domain and M = R.

Let R’ be the integral closure of R in its field of fractions. Then R’ is a local
P.I1.D. and we have a short exact sequence 0 — R — R’ — N — 0, where N is of
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dimension zero. This induces a long exact sequence
— HUAE(GY) @ N) — H(F(GY) @ R)
— H'(F(G*)®R) — H'F(G*)®@N) — --- .

Hence for 1 < i < n we have £ (H (F°(G*))) = c;q + O(1), where ¢; is a positive
integer by Case 1.

Case 3. The general case.

By Discussion (1.1) we may assume that R is reduced. By Lemma (2.15) there
exists a short exact sequence 0 — @, R/P, — M — N — 0 where N is a finite-
length module and the Py’s are such that dim R/Py, = 1. This short exact sequence
induces a long exact sequence

= HUE(GY) @ N) - HE(GY) & (@)
k

— H(F(G*)@ M) — H(F(G*)R@N) — - .

The complex G* is a standard R-complex of finite length homology, and this remains
true for (G* ® R/Py) as an (R/Py)-complex. Hence for 1 < i < n and for each k
we have ((H!(F(G*®) ® R/Py)) = c;(R/Py)q + O(1), where c;(R/Py) is a positive
integer. Thus

(PG @ M) = (3 ci<§;>)q+ o(1). O

Next, we proceed to resolve the two—diﬁlensional regular local case. But before
doing so, we first show how to isolate the zeroth local cohomology module (as a
submodule) from the module itself when computing our functions. We will also
obtain results for the regular local case which shall explain how things go amok
when we consider all finite free complexes of finite length homology.

(2.18) Lemma. Let R be a local ring of characteristic p, M a finitely generated
R-module and G* a standard complex of finite length homology. Let D be the double
complex in Discussion (1.7) and °D the double complex obtained by applying F¢ to
the rows of D. Let EY and °EY be their spectral sequences respectively with j as
the filtration degree. Then for all r > 1 the map

e . epr—1,J7 ern0, j4+r
d; : °E, — °E,

is the zero map for e > 0.

Proof. Let
(eKn)j — @ eDst7

s+t=n
t>j

EZ? = Ker((eKHj)j — (?[{i+j+l>j+r).

An element 7 in EE:_l’j is represented by an element y in EZ:_l’j . By definition
y is an element in D"~ 17 @ ... @ D% I+~ which is mapped to an element z in
€793+ — ep0,5+r The map d° sends 7 to the image of z in *E>7*". It suffices to
show that z =0 for e > 0.

If j + 7 > n, then ®D%J*" = 0 and there is nothing to prove. We may assume
that j +r < n, and in this case ®D%7+" = GJ*" @ M. Because z is the horizontal
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image (with respect to the diagram in Discussion (1.7)) of an element in D% 7+ =1
this shows that z is in G/*" @ m!9 M. Because the vertical image (with respect to
the diagram in Discussion (1.7)) of z is 0, we have that z € G/t" @ HY (M). Hence
2z € G @ (mldM NHY (M)). By the Artin-Rees Lemma, there exists ¢ such that
mldMAH, (M) CmiMNHY (M) € mi~ (m!MNH?,(M)) = 0 for e > 0. Hence,
z has to be 0 and 6¢ has to be the zero map for e > 0. |

In the rest of the section, we will consider HY, (M) as a submodule of M which
consists of elements of M that are killed by a power of m.

(2.19) Proposition. Let (R, m) be a local ring of characteristic p and N the
submodule H?n(M) of M. If G*® is a finite free complex of finite length homology,
then
CH'(FY(G* )@ M))) =LH'(F(G*)® N)) + ¢ (H(F(G*) @ M/N))

for each i.

Proof. We may assume R is complete. Since HY (M) = N = H% (N), so My =
NY = Ny. If we let G’y = Hom(G®, R), then the Es-term of the dual of the double
complex D in Discussion (1.7) for N has only one nonzero row: the top row. Hence
((HY (F(G*)QN)) = £ (H;(F*(G')®Np)). Let 1, ... , 4 be an s.o.p. for R. Write
x(9) for [[;cqxi. For any nonempty subset S of {1,...,d}, we have Nygy = 0.
Hence My sy =~ (M/N)x(s). This implies that the double complexes for M and
M/N only differ at the top row. By Lemma (2.18) the “Ey-terms of their spectral
sequences for M and M/N only differ at the top row. Again, by Lemma (2.18) the
“Eco-term of M has H;(F¢(G’s) ® M) at the top row. On the other hand, we have
depth M/N > 0 and hence the *Eq-term of M /N has zeros at the top row. Hence

C(HY(FE(G®) @ M))) = £ (H;(FE(G's) @ My)) + £ (H (F4(G*) @ %))
= C(H(F°(Ca) © No)) + L (HI(F(G%) © 20)
=((H (F¢(G®) @ N)) + £ (H (F(G*) ® %)). O

(2.20) Corollary. Let R be a local ring of characteristic p, M a finitely generated
R-module and G*® a standard complex of finite length homology. Let the length of
G*® be n. Then the following are true for 0 < i < n.

1. If | A(M; i) —{0}| <1 then there exists ¢; > 0 such that
C(H'(FS(G*) @ M)) = eig™ + 0(q" ).
2. If A(M; i) C{0, i} then there exists ¢; > 0 such that
C(H'(FE(G®) @ M) = eig™ + O(¢" ).
3. There exists ¢y > 0 such that
C(HYFE(G) @ M) = e1’ + O(g™ ).

Proof. Let N = HC (M). The short exact sequence 0 — N — M — M/N — 0
induces a long exact sequence

= Niy1 — (M/N); — M; — Ny — -
Hence M; ~ (M/N); for ¢ > 0, while (M/N)y = 0.
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If | A(M; i) — {0} | <1, then either | A(M; i)| <1 or A(M; i) = {0, g} is
a two-element set. In the first case, part (1) follows from Proposition (2.3). In the
second case, we have | A(M/N; i)| < 1. Hence part (1) follows from Proposition
(2.19), Lemma (2.7) and Proposition (2.3)(2).

If A(M; i) = @ then the result follows from Discussion (2.6). If A(M; i) =
{4} then the result follows from Corollary (2.4). If A(M; i) = {0} or {0, i},
then either A(M/N; i) = @ or A(M/N; i) = {i}. Hence part (2) follows from
Proposition (2.19), Discussion (2.6), Lemma (2.7) and Corollary (2.4).

Part (3) follows from part (2) since A(M; 1) C {0, 1}. O

The following two propositions deal with a special case when the homology of
the complex in question is in some sense too large at a certain spot.

(2.21) Proposition. Let (R, m) be a local ring of characteristic p, M a finitely
generated R-module of dimension d, and let G* be a (possibly infinite) free complex.
Suppose

G = (- =Gt A i A Gt L)

where A?- has entries in m and Ker(A4;41) SZ mG*. Then there exists ¢ > 0 such
that ((H'(F¢(G*) @ M)) = cq® + O(q?™1).

Proof. We already know that c¢ exists. We only need to prove that ¢ > 0. Under
the hypotheses, we can find a direct summand R of G* such that it maps into O.

After a change of basis, we can assume that A;;1 = (g) Let k =1k G’ — 1; then

5

we can rewrite G® as

(¢ D) .
— G1 R@Rk Gl ..
R®0 . . i . . .
Because injects into H*(G*), it has finite length. Since

Im(C D)N(R®0)
Im(C D)N(R®0) C Im(C) & 0,

! (Im?@) <! <Im(o z]j)i(zmm) <00

By Corollary (1.5) there exists ¢ > 0 such that £ (F*(R/ImC) @ M) = c/q? +
O(q%™1). Let “C, °D be the matrices obtained by raising the entries in C and D to
their ¢g-th powers. Then

we have

K(FE(R/ImC)®M>:€<m>

M&o
<Im((eBC eD) ®ida) N (M @ 0))
<L (H(F(G®) ® M)).
Hence ¢ > ¢ > 0. O

14

IN

(2.22) Proposition. Let R be a d-dimensional reqular local ring of characteristic
p, M a finitely generated R-module of the same dimension and G® a finite free
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complex of finite homology. For eachi let ¢; > 0 be the unique rational number such
that £ (H'(F°(G*) ® M)) = ¢iq® + O(q%™1). Then ¢; # 0 if and only if H'(G*) # 0.

Proof. Let

A;

Go= (i A g A G,
We can construct a new free complex
(G = (= (G)i2 Bi G-l A o )

such that the modules and maps in (G’)® are identical with those in G* for degree
10 less than i — 1 and H/((G”)®*) = 0 for j < i. One can do this by resolving Ker A;
over the regular local ring R. Now standardize (G’)* at the ith spot and then shift
the complex so that (G')® is a right complex whose degree 0 piece is not zero. Let
I be such that G¥ = (G')*~! for v > i — 1. Then by construction (G’)* is still a
complex of finite length homology and

(%) HO((G)*) =H'((G")*) = - =H7'7((@")*) = 0.

Note that we have H (F¢(G*) ® M) ~ H™!(F°((G")* ® M)). Because R is regular
and all the rank ideals of (G’)® are m-primary ideals, by the Acyclicity Criterion
(¢f. [BE] or [N]), HY((G")*) is the lowest nonzero homology of (G')*. By (x), we
have i — [ < d, and H'(G*) # 0 if and only if i — | = d. Thus, H'(G*) # 0 if and
only if ¢; # 0 by Corollary (2.10). |

The following corollary resolves the two-dimensional regular local case.

(2.23) Corollary. Let R be a two-dimensional regular local ring of characteristic
p, M a finitely generated R-module and G*® a finite free complex of finite length
homology and of length n. Then for 0 < i <n there exists ¢; > 0 such that

Z(Hi(Fe(G.) ®M))) = Ciq5i(M? G 4 O(qéi(M; G’)_l)'
Moreover, when dim M = 2, Hi(Go) £ 0 if and only if 5(M; G*) = 2.

Proof. The zero-dimensional and one-dimensional cases are taken care of by Lemma
(2.7) and Proposition (2.16). We will assume dim M = 2 and we will follow the
same notation as in the proof of Proposition (2.22).

The case H (G*) # 0 follows immediately from Proposition (2.22). If H(G*) = 0
we can see from the proof of Proposition (2.22) that H*(F¢(G*) ® M)) is isomorphic
either to HY(F¢((G")* ® M)) or to H'(F((G')* @ M)). Now the result follows from
Lemma (2.9) and Corollary (2.20)(3). O

(2.24) Discussion. In Discussion (2.13) we asked if §'(M; G*) is independent of G*
under the assumptions: (i) the length of G* is no less than ¢ and (ii) the complex G*
is not a non-trivial direct sum of two finite free complexes of finite length homology.
However, Proposition (2.22) shows that even with such very nice rings as regular
local rings we cannot expect such a good property to be true.

For example, let R = Z,[[z, y, z]] be a formal power series ring and let

Ay R3 Ay R3 Az R3 Ay R3 As

G*= (0—R R—0)
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where
-y 0
Alz(z —y x), Ay=A4=|—-2 0 ,
0 -z Y
x x
As= |y (z -y ac) and As= |y
z z
We can also construct another complex
H = (0—H" -2 gt P2 g B, g3 B, g3 P, o)
where Bs = A5 and
As -y 0
B4 = A5 —z 0 x

As 0 —z y

while the rest of the complex is the minimal free resolution of Coker By. It is easy
to see that neither G* nor H® can be written as a non-trivial direct sum of two
shorter complexes. It is also easy to check that H*(G*) = 0 while H*(H*®) # 0.
Obviously, we have H*(F®(G*®)) ~ H?(F¢(K®(x,y,2; R))) = 0 for all e. Thus, we
have 6*(R; G*) = —co while 6*(R; H*®) = 3.

In this example we can see that the independence of G* fails for quite trivial
reasons. However, it is possible that a finer analysis of the structure of the complex
will give a better description of §(M; G®). Besides, there is no evidence that
§'(M; G*) should depend on G* for i < dim M. In fact, we know that 6°(M; G*)
is independent of G* for some special i’s. However, as one can see here, working
with all G* does complicate matters. In the next section, we will concentrate on
Koszul complexes.

3

For definitions and basic properties of Koszul complexes the reader can refer to
[Mat1, 18D] or [Ser, Chapitre IV.A]. In this section we will show that 6*(M; K*) =
&%, for all Koszul complexes K°.

(3.1) Discussion. Let z1,...,x, € R. The Koszul complex K*(z1,...,x,; R) is
defined to be Ky, —o (1, - . ., p; R), which is Ke(z1,...,2,; R)numbered backward.
But in essence

K*(z1,...,2n; R) ~ Homg(Ke(z1,...,20; R), R)
=K,—e ((—1)"_135717 (=1)" 2z 1,...,21; R).

Suppose R is a ring containing a field k. The advantage of working with Koszul
complexes is that we can assume that R is regular by replacing R by the polynomial
ring k [X1,. .., X,] (or the formal power series ring k [[ X1, ..., X,]]), and z1, ..., 2y
by Xl,.. .,Xn.

(3.2) Lemma. Let R be a local ring containing a field k, M a finitely generated
R-module and x1, ..., x, be such that (x1,...,2,)R+ Anng M is primary to the
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mazximal ideal. Let 11, ..., 1, be positive integers. Then
O(H (2 .. 2l M) < (sz) 0(H(z1, ..., 2n; M)).
Proof. Proving this lemma comes down to showing that
C(H;(2%, ... xn; M) <al(Hi(xy,...,2n; M))

for any positive integer a. We will show this by induction on a. This lemma is true
for a = 1. We now assume that a > 1.

We may assume that R = k[z1,...,2,] is a polynomial ring. Because z; is a
nonzero-divisor of S = ——— the sequence
(X2, 2p)
R R R
0— — - — — — 0.
(@0 ) (@ m) (T, )

is exact and it induces a long exact sequence

R

. — TorP
! ((x‘ll_l,...,xn)

, M) — Torf (———
) ((x‘ll,,xn)
— TOI'? <
((xl,...,xn)

In this situation Tor is the same as Koszul homology. The result follows from
induction u

(3.3) Remark. Let R be a local ring containing a field, M a finitely generated R-
module and 1, ..., x, be such that (z1,...,z,)R + Anng M is primary to the
maximal ideal. Let [y, ..., [, be positive integers. Then

1 e 1 L.
foing L EC (Ko (a2l R) @ M)

e—00 qs

< liminf CH'(F (Ko (21, ..., 203 R)) ® M))

e—00 qs

>0

> 0.

(3.4) Theorem. Let (R, m) be a d-dimensional local ring of characteristic p and
M be a finitely generated R-module. Suppose x1, ..., Ty generate an ideal primary
to m. Then, for 0 < i <n such that 6}, # —oo,

((H (F¢(K®* (21, ...,2,; R))® M))

lim inf - > 0.
e—00 qékf
Therefore, we have §'(M; K*(z1,...,2zn; R)) =&Y, even when 8%, = —oc.

Proof. The last statement follows from definition, Proposition (1.13) and the first
part of this theorem.

We may assume that dim M = dim R = d by replacing R by R/ Ann M. We
shall prove this theorem by induction on dim M.

Lemma (2.7) takes care of the case dim M = 0. We may assume dim M = d > 0.
Without loss of generality we may assume that x1, ... , z4 generate an ideal primary
to m. In this case, there exists s € N such that z,,, ..., z;, € (21,...,24)R.
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Moreover, we have 3’ ,, ..., 2%° € (zf,...,2%)R for all e. One can easily check
that
HIF (K (0, 0, R)) © M)
=H'(21,... ,xg,xgj_l, cooxl M)
n—d n—d o
= @ < _ ) copies of H' ™/ (2f,... 2% M)
=\
=
n—d n—d o
= < . ) copies of H' 77 (F¢(K*(x1,...,zq; R)) ® M).
; J
7=0

This implies that for d <i <mn,

CH'(F (K (@1, .. @, Ty, 055 R)) © M)

lim inf
Ee— 00 qd
C(HYF(K® (21, ..., 7 M
> Y g LK (1, T R)eM)
e—00 q

Hence Remark (3.3) and Corollary (2.10) imply

¢ (HY (F(K®(x1,...,2,; R)) ® M))

: >0

lim inf
e— 00 q

for d < ¢ < n. In fact, the argument above also shows that for 0 < i < d such that
6?\/[ # —00,

CH(FU(K® (21, T, By, @55 R)) @ M)

lim inf :
miy 7
thlnfé( ( ( (xlv - y Lds R))® )
e—00 q®um
If we can prove the theorem for K®(z1,...,2q4; R) for 0 < i < d, then Remark
(3.3) will imply the case for K*(z1,...,z,; R). Hence we may assume n = d. To
sum up, we may assume that R = k[[x1,...,zq]] is regular local of dimension d,

dim M =d and K* = K*(x1,...,zq4; R).
Since R is reduced, by Lemma (2.15) there exists a short exact sequence

(%) 0—>69R—>]\4—>N—>07

where NV is an R-module of dimension less than d. This short exact sequence induces
a long exact sequence

"*@Ri+1—’Ni—>Mi—>@Ri—’"'

Since R is Cohen-Macaulay of dimension d, this implies that for i < d—2, N; ~ M;
and &%, = &%. The induction hypothesis can be applied to N, so for 0 <i < d —2
such that 6%, # —oco we get

lim inf ! (Hi (F(K*) © V)

€e—00 qé}\l

> 0.
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The short exact sequence (x) induces another long exact sequence
= H(FK®) @ (D R) — H(F(K®) @ M)
— H(FY(K*) @ N) — H* (FY(K*) @ (D R)) —

Since for i < d—1 we have H (F¢(K*)®R) = 0, so H (F¢(K* )®M) ~ H'(F¢(K*)®N)
for 0 <7 < d— 2. We now have shown that the theorem is true for 0 <i <d — 2.
The only remaining case is when i = d — 1. We may assume that 6%[1 >0.

Since R is regular, we know F¢(G®) is a free resolution of B and
Llye- 7xd){q]
; R
H'(F(G*)® M) = Tor} ; (————, M).
(21,...,24)d

Take a minimal free R-resolution F, of M, say

0 J " B2 2R 0,
where a = pd M. If we let (F')* = Homg(F,, R) =

0 N S R S F, —2 . F, 0

then by local duality we have M; = Ext% (M, R) = H*((F")*).
Case 1. Suppose that M has no submodule of dimension less than dim R.

Since M is torsion free, it is the first R-syzygy of a module M’. Hence, we
have M] ~ M, for i < d — 2. Since My = 0, we conclude that 6d 2= 6d L
Furthermore we have

R
(21,...,2q)d"
R
(1,...,2q)ld’
_ Hd—Q(Fe(Ko) ® M/)
Since we already know the case for i = d — 2, we have
CHTHEFK®) © M)) CHTP(FK®) © M)

lim inf —— = liminf —
e—oo q5M €0 q5M’

H*(F*(K*) ® M) = Tor{" ( M)

= Tor§ ( M)

> 0.

Case 2. Let N be any submodule of M such that M’ = M/N has no submodule
of dimension less than dim M. Suppose dim N < 6%‘1.

In this situation we have 6%—1 = 6%‘,1. The short exact sequence
(%) 0—-N—->M-—M —0
induces a long exact sequence
RN Z.Jrl_,]\41_’_>]\4Z._,]\71._>...

Hence M; ~ M/ for i > dim N. The short exact sequence (xx) induces another long
exact sequence

= HTNFYK) @ M) — HHFYK®) @ M) — HY(FY(K*) @ N) —
It follows that
CETHEK®) @ M) < £ (HTHFK®) @ M) + £ (H(FS(K®) © N))
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for all e. If we divide this inequality by ¢® = we get
C(HH(FE(K®) @ M)

0 < liminf i
e—00 q°m
HY(FE(K®) @ M HY(F¢(K®) @ N

< liminf £ ( 571)® ))+€( ( d(,l)® )

e—00 qéM qéM

H Y FS(K®) @ M

:hminfé( ( 571 )® ”.

€—00 qéM

Case 3. The only remaining case is when M has a submodule of dimension 6%—1.

This case follows from the following lemma. O

(3.5) Lemma. Let (R, m) be a local ring of characteristic p and M be a finitely
generated R-module. Let x1, ... , x,, generate an ideal primary to m. If M contains
a submodule N of dimension a, then for a <i < n,

((H (F(K®*(21,...,2,; R))® M))

lim inf > 0.

e—00 q“
Proof. Let K®* =K®(z1,...,7,; R). Since dim N = a, we may assume, by reorder-
ing if necessary, that there exists s such that =5, ..., 25_, € (®n—at1,...,Tn) R+
Ann N. By Remark (3.3), we may assume that 21, ..., £,_, € Ann N.

Let F¢(K®) = K® and let ¢ be the map from K:! to K° in F°(K*®). Think of
K*® as Kj,—e and let {uj, A--- Awj,_, }ji<..<j,_, generate K;. For any m € M,
It @ idys sends ug A A tp—; @ m to

Z(—l)j_lxg(ul A ANUGA - Ap—;) @ m.

j=1
For each e, there is a copy of N, say N(c), inside Ruy A+ Auy—; @ M C KZB QM.
When a <i <n we have 0 <n—1i <n—a. Since z{, ..., zl_, € Ann N, this
shows N(.) is inside the kernel of ;"1 @ idy; for all e. Thus,

Neey

Wie K e nn, T EE)©M)

Nee) o NV
(Vi ®@idp) (K @M)N Ny  mldMnN
By Artin-Rees Lemma, there exists a fixed ¢ such that for ¢ > 0,

mAMANCmIMANCmi (m!MNN)cmi'N.
Therefore for e > 0,

There is an obvious surjection from

N
mq—tN)
=c(q—1)*+ lower degree terms in g, for some ¢ > 0,

C(HY(FE(K®) © A1) > £ (

=cq” + lower degree terms in q.
Hence,
((H(FY(K*) @ M
i g L ECKD) © M))

e—00 q“®

>c> 0.
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4

Let (R, m) be a local ring of characteristic p and M be a finitely generated
R-module. Let x1, ..., z, generate an ideal primary to m. We would like to
know whether there exists ¢; such that ¢ (H (F¢(K®*) ® M) = ¢;q°™ + O(g®» 1) for
0 < i < n. If this is true then by Theorem (3.4) we would have ¢; > 0. At this point
this problem remains open. However, we do know when | A(M; d—1)—{0}| <1
(see Corollary (2.20)(1)) this is true. One of the difficulties of this problem is the
lack of examples. The examples either are too trivial or too complicated. In this

section we calculate a non-trivial example in which the module is a module M with
|A(M; d—1)—{0}|=2.

(4.1) Example. Let R = Z,[[z1,...,zq4]] be a formal power series ring. Let
Ke = Ko(x1,...,24; R) and K* = K*(z1,...,24; R). Suppose ai, ..., ap form
a regular sequence in R and fi, ..., fr € R—{0}. Let A be the (h x k)-matrix

(arfm) and let M = Coker A.
R
When d > h > 1 and dim =————

AM; d—1)— {0}y ={d—h, d—1}

is a two-element set, and this case is not covered by Corollary (2.20)(1). Neverthe-
less, we will show that in this case 6%[1 =d— h and

CHITHF(K®) @ M)

=d — h, we will see that

lim

€e—00 q

exists and is equal to

¢ (Ho(F*(Ke) ® My—_1))

C(Hp_1(F(Ke) @ My_p))

lim 5 .

€e—00 q

+ lim

€e—00 q

In fact, assuming only the hypotheses in the first paragraph in this example, we
claim that for each 0 < i < n, there exists ¢; > 0 such that

C(HU(FE(K®) @ M) = cig®™ + O(g™ 1),
and if 6}'\4 > 0 then

: 0 (H,_;(F¢(Ke) ® M;
=Y lim (Hij ( Es ) © M;))
— e— 00 q M
7=0
Since for 0 < j <7 we have dim M;_; < 6}% the limit
iy L ETK) @ Mi—j))

e— 00 q‘sfw

exists by Proposition (1.4).

Proof of the claim. Leteq, ... , e be the standard free basis for R* and let N be the
quotient module of R* killing the submodule generated by the element (fi,.. ., fx)
of R*. The map from M to N sending the class of e,, in M to the class of e, in N
is well-defined. The kernel of this map is the cyclic submodule of M generated by
the class of (fi,..., fx). Let L be this kernel. It is easy to see from the construction

of M that L ~ so we have a short exact sequence

_
SyaR
(%) 0—L—-M-—N-—0.



1114 SHOU-TE CHANG

Because aq, ..., a, is an R-sequence, Ko(ay,...,ap; R) is a minimal free resolution
of L. Hence

0 ifi#d—h,

L;~ R e
t ifi=d—nh
daal ,

and R has dimension d — h. Note that
>R
0—R (f1se-sf) RF 0
is a minimal free resolution of N. When k =1,
0 ifi#d—-1,
— ifi=d-1,
iR

and dim Ny_1 = d—1. The short exact sequence (x) induces a long exact sequence,
() v = Liyn > Ny > My — Ly > Ni—g — -+

This shows that when £k = 1, M; = 0if i« # d — 1, d — h. Since in this case
dimM = d — 1, we have dimMy_1 = d — 1. If h = 1, then M; # 0 if and only
if i =d—1. When h > 1, because M contains a submodule of dimension d — h,
we have dim My, = d — h. No matter what h is, we have | A(M; )| < 1 for
0 < i < n. Thus, the claim is true by Proposition (2.3).

When k£ > 1, we have

0 ifi<d—1,
R
N; ~ —_— ifi=d-1,
Y fiR
some d-dimensional module, if i =d.

If h =1, then M; =0 for i < d — 1, and the claim follows from Proposition (2.3).
Thus, we may assume that h > 1, and in this case, from (**) we get

some d-dimensional module if ¢ =d,
Ny_ ifi=d-1
M,L' ~ d—1 1 7’ ’
Ld—h ifi=d-— h,
0 otherwise.

Again, for i # d — 1, the result follows from Proposition (2.3). Now we can concen-
trate on the case ¢ = d — 1, which we treat separately in Lemma (4.3). O

(4.2) Definition. Let R be any ring, I, J C R be ideals, and let @ € R. Then

TR ¥ {r:rJCI} and T:pa €T:paR.

We can simply write [ : J and [ : @ when R is understood.

(4.3) Lemma. Let R = K [[x1, ..., 24]] be a formal power series ring of character-
isticp. Let K¢ = Ko(x1,...,24; R) and K®* =K*(z1,...,24; R). Suppose ay, ...,
an, f1, ..., fr € R—{0}. Let A be the (h x k)-matriz (a;fm,). Let M = Coker A.

Then the limit
d—1 e °
lim LHH(F(K®) @ M))

5d71
€e—00 q M
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erists and is equal to

d—1

lim ((Hg—1—;(F d(}f-) ® Mj;))
e—00 q5M

=

<

Proof. We will follow the same notation as in Example (4.1). When k& = 1, we have
dim M = d — 1, and the result is trivial. We now assume that k > 1.

Let I=),qqRand J =) fnR.

Since L = R/I — M, if dimR/I = d — 1 then M contains a submodule of
dimension d — 1, and the lemma follows from Corollary (2.4). We will assume that
dimR/T <d—1.

From (xx) in Example (4.1) it follows that

N =B ifi=d-1,
(#) M;~¢ if dmR/I <i<d-—1,
I if i < dim R/1I.

This says that dim My 1 = dim R/J, dim Mgjm g/r = dim R/I, and otherwise
dim M; < dimR/I. When dimR/J # dim R/I, we have |A(M; d —1)| = 1,
and the result follows from Proposition (2.3). Therefore, we may assume that
dim R/J = dim R/I = a, and in this situation A(M; d —1) ={a, d—1}.

Since 6}1\,_2 = —o0, the short exact sequence () in Example 3.1.8 induces a long
exact sequence

0 — Hd—l(Fe(KO) ®L) _ Hd—l(Fe(Ko> ® M)
— Hd_l(Fe(K°) ®N) L) Hd(Fe(K.) ®L) .

This implies that

((HITHFY(K®) @ M)
= ((HITHF(K®*) @ L)) + L(HTHF(K®) @ N)) — £(Im a).

Because dim L = a, we know that the limit

L LN ER) 9 1)

e—00 qa
exists. Note that we also have A(N; d —1) = {d —1} and 6% ' = a, so

o LT FE (K @ V)

e—00 qa
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exists. Suppose that ¢ (Ima,) = O(¢*~!). Then

o L FE(K®) © 1))

e—00 q“®

o CHTMERDOL) L (E(K) 9 N))

e— 00 qa e— 00 qa
since A(L; d—1)={a} and A(N; d—1)={d -1},
¢ (Ha1—a(F9(Ke) © La)) ¢ (Ho(F*(Ke) ® Na—1))

)

= lim " + lim "
e—00 q €00 q
_1-a(Fé(K, M, . Ho(F°(K, Mg
o (o (PR @ 00) | PR O M)
€—00 qa e—00 qa

and finally, because A(M; d—1) ={a, d—1},

1

i L a1 (F(Ke) @ M;))
00 qa

e—

§=0
Hence it remains to show ¢ (Ima,) = O(g*™1).

Since H* ™} (F*(K*) ® —) ~ Torf(R/ml4, —) for any R-module, we can compute
it by resolving M. The following is a commutative diagram in which the rows are
free resolutions of N, M and L respectively:

0 0
0 R (f1sesfr) RF 0

. Rh+1 R1+k

S — N — E — 2 — o
o

—— R —— R 0
0 0
a
Here, C = | : |. Remember that the class of 1 in L is mapped to the class of
an

(f1,---, fr) in M, so it can be checked that

ai

ap

—1 fl fk
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By applying (R/ m[q1)® to the diagram, we can find out what Im a, is. The cycles
7 in Tor®(R/ml4, N) are exactly those 7 in R/m!9 that satisfy 7.J = 0 (mod m!9).
The cycle 7 is mapped to the class represented by —r in Tor (R/ml9, L). Hence,

(m[q] . J)(R/m[lﬂ)
I(R/mld) N ((m[q] : J)(R/m[q]))
_ ((ml: 7) 4+ D)(R/ml)

- I(R/mld)
Cmld )+
T omld 4T

Ima, =

Now the lemma follows from Lemma (4.4) below. |

(4.4) Lemma. Suppose (R, m) is a regular local ring of characteristic p. Let
I C R be a nonzero ideal and a € R — {0}. Then

(ml:a)+ 1Y dim R/I—1
(P ) = oggm i,

In particular, if I, J are both nonzero ideals of R, then

(M D)+ T\ i R/I-1
(") —ogm iy,

Proof. We can replace a by a nonzero multiple of a in I, since this will only enlarge
the module we are looking at. We may assume that a € I.
Let dim R = d and let height ] = h = d — dim R/I. Because R is regular, we

have depth I = height I = h. Expand a to a = a1, ..., ap, a regular sequence in
I. We can replace I by (ai, ..., ap )R, for this will only enlarge the length in
question. We may assume that I = (a1, ..., ap )R.

Let I = (a2, ..., ap )R and M = R/(a1l + Ip). The map from M to R/I

sending the class of 1 in M to the class of 1 in R/I is surjective, and its kernel is

! o R wh R

al+lo - mRN(@l+ly) al I

Write N = R/I. Then we have the short exact sequence 0 = N — M — N — 0.
For each e, this short exact sequence induces a long exact sequence

= HITYFY(K®) @ N) % HY(F(K®) ® N)
— HYF¢(K*) @ M) — HY(F*(K*) @ N) — 0.

Since M and N both have dimension d — h, by Lemma (4.5) we have ¢ (Im a,) =
O(qd_h_l).

Since R is regular, H (F¢(K®) ® —) = Torg_;(R/ml4, —). We can calculate
H'(F*(K*) ® M) and H (F¢(K®*) ® N) by resolving M and N. The following is a
commutative diagram whose top and bottom rows are K¢ (a1, ..., ap; R) and whose
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middle row is a free resolution of M:

0 0 0
| | |
. Rh B R N 0
[ [ [
., phth A pi+l M 0
[ [ [
—— R 2 R N 0
[ [ [
0 0 0
a
where B= | : [, and it can be checked that
Qap
a
0
A=1h
0
ap

Apply R/ ml4® to this diagram. With an argument similar to the one in Lemma
(4.4) we can describe Im . Let S, = (ml9 + Ip) : a. Then Im a, is exactly

Se+1
mld + T°

Note that ml4 : a ¢ S,. Hence

mld a4 T

mld + T ) </{l(Ima.) = O(qd—h—1>. 0

(4.5) Lemma. Let R be any local ring of characteristic p and G* be a finite free
complex of finite length homology. Let M, M’ and M" be finitely generated modules
of dimension no more than d such that 0 — M' — M — M" — 0 is a short exact
sequence. Then for each 1,

i (A (E(G™) © M)
e—00 qd
o LHE(G) O M) HH(E(GY) ® MT))

e— 00 qd e—00 qd

Proof. See [Sei, Proposition 1(b)]. |
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